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iv Summary 
We  consider  the  character  of  several  finite  deformations  of  compressible  isotropic, 
nonlinear  hyperelastic  materials,  specifically  azimuthal  shear  of  a  thick-walled  circu- 
lar  cylindrical  tube,  the  bending  deformation  of  a  rectanglar  block  and  axial  shear  of 
a  thick-walled  circular  cylindrical  tube.  For  each  problem  the  equilibrium  equations 
are  applied  to  the  special  case  of  isochoric  deformation,  and  explicit  necessary  and 
sufficient  conditions  on  the  strain-energy  function  for  the  material  to  admit  such  a 
deformation  are  obtained.  These  conditions  are  examined  for  several  strain-energy 
functions  and  in  each  case  complete  solutions  of  the  equilibrium  equations  are  ob- 
tained.  The  predictions  of  the  shear  response  for  different  strain-energy  functions 
are  compared  using  numerical  results  to  show  the  dependence  of  the  applied  shear 
stress  on  the  resulting  macroscopic  deformation.  It  is  then  shown  how  consider- 
ation  of  isochoric  deformations  in  compressible  elastic  materials  provides  a  means 
of  generating  classes  of  strain-energy  functions  for  which  closed-form  solutions  can 
be  found  for  incompressible  materials.  For  the  problem  of  bending  deformation  we 
find  that  isochoric  deformation  is  not  possible  in  a  compressible  material.  The  con- 
ditions  for  a  non-isochoric  bending  deformation  to  be  admitted  by  the  equilibrium 
equations  are  then  examined  for  each  of  three  classes  of  compressible  isotropic  ma- 
V terials.  Explicit  solutions  for  each  case  are  then  derived.  Finally,  we  consider  an 
incremental  displacement  superimposed  on  the  azimuthal  shear  of  a  circular  cylin- 
drical  tube.  Numerical  results  are  obtained  to  show  the  incremental  displacement 
and  nominal  stresses  for  a  special  material  when  the  internal  boundary  is  subject  to 
an  incremental  displacement. 
vi Chapter  1 
Introduction 
This  thesis  is  concerned  mainly  with  the  solution  of  boundary-value  problems  for 
compressible  isotropic,  nonlinear  hyperelastic  materials.  In  particular,  the  plane 
strain  character  of  several  finite  deformations  of  the  materials  is  considered.  We 
restrict  our  attention  to  boundary  conditions  corresponding  to  prescribed  boundary 
displacement.  Under  certain  assumptions  the  resulting  two  governing  ordinary  dif- 
ferential  equations  of  equilibrium  are  combined  to  yield  necessary  or  necessary  and 
sufficient  conditions  on  the  strain-energy  function  for  the  material  to  admit  each  de- 
formation.  Some  existing  results  are  recoverd  as  special  cases  and  some  new  results 
for  particular  strain-energy  functions  are  determined  and  discussed.  In  the  final 
chapter  we  consider  an  incremental  displacement  superimposed  on  the  azimuthal 
shear  of  a  circular  tube  and  numerical  results  for  the  incremental  displacement  and 
nominal  stress  are  obtained. 
In  Chapter  2,  following  the  approach  of  standard  texts  such  as  Ogden  (1984) 
and  Atkin  and  Fox  (1980),  we  introduce  the  notation  that  will  be  used  through- 
out  the  thesis  as  well  as  setting  up  the  equations  of  equilibrium  and  constitutive 
1 relations  used  in  finite  elasticity  for  compressible  materials.  We  then  introduce 
the  corresponding  equations  for  incremental  deformation  superimposed  on  a  finitely 
deformed  state  for  the  case  of  plane  strain. 
In  Chapter  3  we  study  the  azimuthal  shear  deformation  (also  known  as  torsional, 
circular  or  circumferential  shear)  of  a  circular  cylindrical  tube.  In  this  (plane  strain 
deformation  the  outer  circular  cylindrial  boundary  is  rotated  at  constant  radius  rela- 
tive  to  the  (fixed)  inner  boundary  about  their  common  axis.  Examples  of  closed-form 
solutions  for  this  problem  are  those  described  by  Isherwood  and  Ogden  (1977a,  b), 
Ogden  and  Isherwood  (1978)  and  Carroll  and  Murphy  (1994),  while  numerical  re- 
suits  have  been  provided  by  Mioduchowski  and  Haddow  (1979),  Ertepinar  (1985, 
1990),  Haughton  (1993),  and  Wineman  and  Waldron  (1996).  For  slightly  compress- 
ible  materials  the  small  volume  change  associated  with  azimuthal  shear  has  been 
calculated  by  Ogden  (1979).  Certain  aspects  of  the  azimuthal  shear  problem  for 
compressible  materials  have  also  been  examined  by  Simmonds  and  Warne  (1992), 
while  a  basic  formulation  of  the  problem  and  some  general  formulas  are  contained 
in  the  earlier  paper  by  Adkins  (1955). 
A  recent  development  in  compressible  nonlinear  elasticity  has  concerned  the 
search  for  problems  in  which  isochoric  deformations  are  possible,  as  instigated  in 
a  series  of  papers  by  Polignone  and  Horgan  (1991,1992,1994).  Work  by  both 
Haughton  (1993)  and  Polignone  and  Horgan  (1994)  has  focussed  on  this  issue  for 
the  azimuthal  shear  problem.  In  both  these  papers  it  was  found  that  pure  azimuthal 
shear  (that  is  azimuthal  shear  with  no  radial  displacement)  is  possible  for  certain 
strain-energy  functions,  and  examples  of  solutions  were  given  in  each  case.  Haughton 
(1993)  also  obtained  a  set  of  necessary  and  sufficient  conditions  on  the  material 
2 parameters  for  the  existence  of  a  solution  to  the  equilibrium  equations. 
In  the  corresponding  problem  for  incompressible  isotropic  elastic  materials  an 
exact  solution  was  first  given  by  Rivlin  (1949)  for  the  Mooney-Itivlin  form  of  strain- 
energy  function  (see  also  Green  and  Zerna,  1968,  and  Ogden,  1984).  Aspects  of  the 
problem  for  incompressible  materials  have  also  been  examined  by  Ogden  (1978)  and 
Ogden,  Chadwick  and  Haddon  (1973),  while  some  new  exact  solutions  have  been 
obtained  recently  by  Tao,  Rajagopal  and  Wineman  (1992)  for  certain  members  of  a 
class  of  generalized  neo-Hookean  materials. 
Chapter  3  has  several  purposes.  First,  to  use  the  plane  strain  character  of  the 
azimuthal  shear  deformation  to  express  the  strain  energy  as  a  function  of  two  in- 
dependent  deformation  invariants.  This  allows  the  equilibrium  equations  to  be  ex- 
pressed,  in  Section  3.2,  in  a  form  which  when  specialized  to  pure  azimuthal  shear 
leads  naturally  to  an  explicit  necessary  condition  on  the  strain-energy  function  to 
admit  the  deformation  in  question  (Section  3.3)  and  several  existing  results  are  re- 
covered.  Second,  in  Section  3.4,  to  apply  this  necessary  condition  to  a  certain  class 
of  strain-energy  functions  and  to  obtain  solutions  of  the  boundary-value  problem 
for  particular  members  of  that  class,  thereby  showing  how  the  results  obtained  pre- 
viously  for  several  strain-energy  functions  are  embraced  within  a  single  framework. 
Thirdly,  in  Section  3.5,  to  obtain  solutions  to  the  pure  azimuthal  shear  problem  for 
a  separate  class  of  strain-energy  functions.  Fourthly,  to  illustrate  the  theoretical 
results  with  numerical  calculations  highlighting  the  dependence  on  the  azimuthal 
shear  stress  applied  to  the  outer  boundary.  This  includes  comparison  of  results  for 
several  different  strain-energy  functions.  Finally,  in  Section  3.6,  the  corresponding 
problem  for  incompressible  materials  is  considered  briefly  and  it  is  shown  that  the 
3 solutions  obtained  for  compressible  materials  are  also  valid  in  incompressible  case. 
In  particular,  it  is  shown  how  the  results  of  Tao  et  al  (1992)  for  a  generalized  form  of 
(incompressible)  neo-Hookean  strain-energy  function  are  related  to  those  obtained 
in  Section  3.5. 
It  is  emphasized  that  the  method  used  in  Chapter  3  of  examining  isochoric 
deformation  in  compressible  elastic  materials  is  applicable  more  generally  than  to 
the  specific  problem  considered  here  and  it  leads  to  the  generation  of  classes  of  strain- 
energy  functions  for  which  closed-form  solutions  can  be  found  for  both  compressible 
and  incompressible  materials. 
In  Chapter  4  the  finite  bending  deformation  of  an  isotropic  compressible  non- 
linearly  elastic  rectangular  block  subject  to  prescribed  bending  displacement  is  dis- 
cussed.  For  the  finite  bending  deformation  of  an  isotropic  compressible  nonlinearly 
elastic  rectangular  block,  which  is  deformed  into  a  sector  of  a  circular  cylindrical 
tube,  some  examples  of  the  closed-form  solutions  for  this  problem  have  been  de- 
scribed  by  Ogden  (1984),  Carroll  (1988),  and  Carroll  and  Horgan  (1990).  Recently 
a  kind  of  semilinear  material  model  with  a  special  case  of  constant  modified  stretches 
has  been  discussed  by  Aron  and  Wang  (1995,1996)  for  this  problem.  In  general, 
it  is  not  easy  to  find  closed-form  solutions  of  the  boundary-value  problem  in  the 
nonlinear  theory  of  compressible  elasticity.  Deformations  are  usually  different  for 
different  strain-energy  functions.  In  this  chapter,  we  try  to  find  a  simple  method  to 
obtain  closed-form  solutions  for  the  bending  deformation.  Considering  the  inherent 
characteristic  of  the  bending  deformation  that  there  is  a  linear  relation  between  the 
principal  stretches,  we  obtain,  in  Section  4.2,  an  explicit  necessary  and  sufficient  con- 
dition  on  the  strain-energy  function  for  the  existence  of  solutions  of  the  discussed 
4 deformation.  Several  different  forms  of  the  necessary  and  sufficient  condition  are 
given. 
In  particular,  we  discuss  the  isochoric  bending  deformation  of  compressible  ma- 
terials  in  Section  4.3.  After  using  the  necessary  and  sufficient  conditions,  we  deduce 
the  interesting  result  that  isochoric  bending  deformation  of  a  block  is  not  admissible 
in  a  compressible  elastic  material  but  is  only  possible  in  an  incompressible  elastic 
material. 
With  the  help  of  the  necessary  and  sufficient  conditions,  the  equation  for  a 
Blatz-Ko  material  given  by  Carroll  and  Horgan  (1990)  is  recovered  in  Section  4.4, 
and  the  solution  of  the  equation  is  obtained  implicitly.  We  also  introduce  three 
examples  from  each  of  three  classes  of  compressible  isotropic  elastic  materials.  The 
necessary  and  sufficient  conditions  lead  to  closed-form  solutions  for  the  boundary- 
value  problem  in  each  case. 
In  Chapter  5  we  consider  the  analogous  problem  associated  with  the  axial  shear 
deformation  of  a  thick-walled  circular  cylindrical  tube  of  homogeneous  compressible 
isotropic  nonlinearly  elastic  material.  Axial  shear  is  also  known  as  telescopic  shear. 
When  the  radius  is  unchanged  by  the  deformation  the  deformation  is  isochoric  and 
we  refer  to  it  as  pure  axial  shear.  The  terminology  (axisymmetric)  anti-plane  shear 
was  used  by  Knowles  (1976,1977)  and  adopted  by  several  subsequent  authors. 
Different  aspects  of  the  axial  shear  problem  for  compressible  materials  have  been 
examined  by  Mioduchowski  and  Haddow  (1974),  Knowles  (1976),  Agarwal  (1979) 
and  Ertepinar  and  Erarslanoglu  (1990),  the  latter  being  concerned  with  the  nu- 
merical  solution  of  the  governing  equations.  i\'Iore  recently,  theoretical  results  have 
been  obtained  by  Jiang  and  Knowles  (1991),  Polignone  and  Horgan  (1992),  Jiang 
5 and  Beatty  (1995)  and  Beatty  and  Jiang  (1996,1997).  Analysis  of  the  problem  for 
incompressible  materials  dates  back  to  Rivlin  (1949)  but  the  only  (relatively)  recent 
contribution  appears  to  be  that  by  Knowles  (1976). 
In  Section  5.1  the  axial  shear  deformation  problem  is  formulated  and  the  gov- 
erning  differential  equations  derived.  The  specializations  appropriate  for  pure  axial 
shear  are  then  noted.  With  these  specializations  the  two  governing  ordinary  differ- 
ential  equations  of  equilibrium  are  combined,  in  Section  5.2,  to  obtain  a  necessary 
and  sufficient  condition  on  the  strain-energy  function  for  the  material  to  be  capable 
(in  principle)  of  sustaining  the  considered  deformation.  This  condition  is  given  in 
relatively  simple  form  but  it  is  noted  that  it  can  be  shown  to  be  equivalent  to  a 
condition  given  by  Jiang  and  Beatty  (1995).  The  condition  may  be  regarded  as 
a  necessary  condition  for  the  material  to  admit  pure  axial  shear  since  additional 
conditions  are  required  to  guarantee  the  existence  of  a  solution  for  any  material 
satisfying  the  necessary  condition. 
In  Section  5.3  we  consider  the  form  of  solution  obtained  by  several  authors  for 
different  forms  of  strain-energy  function  and  comment,  within  the  framework  devel- 
oped  in  Section  5.3,  on  the  common  feature  of  these  functions  which  leads  to  this 
solution.  We  also  note  the  form  of  the  most  general  strain-energy  function  for  which 
this  particular  solution  arises. 
In  Section  5.4  we  use  the  necessary  and  sufficient  condition  derived  in  Section 
5.3  to  generate  some  specific  forms  of  strain-energy  function  which  yield  new  exact 
solutions  of  the  pure  axial  shear  problem,  and  these  solutions  are  given  explicitly. 
The  results  are  illustrated  graphically  for  comparison  by  plotting  the  axial  shear 
stress  on  the  outer  boundary  of  the  tube  against  the  corresponding  axial  shear 
6 displacement  in  suitable  dimensionless  form. 
The  corresponding  problem  for  incompressible  materials  is  discussed  in  Section 
5.5.  We  take  note  of  the  governing  equations  for  the  axial  shear  problem  for  an 
incompressible  material  and  indicate  how  the  solutions  obtained  in  Section  5.4  can 
he  used  to  generate  forms  of  incompressible,  isotropic  strain-energy  function  for 
which  solutions  may  be  given  in  a  similar  way  to  that  described  for  the  azimuthal 
shear  problem  in  Chapter  3. 
In  Chapter  6  we  study  azimuthal  shear  of  an  eccentric  annulus  of  compressible 
elastic  material  with  the  centre  circle  displaced  by  a  small  amount  and  the  outer 
surface  fixed.  This  is  treated  as  an  incremental  problem  with  a  small  (in-plane) 
displacement  superimposed  on  a  known  pure  azimuthal  shear.  In  Section  6.2  the 
superimposed  incremental  deformation  problem  is  formulated,  and  the  incremental 
equilibrium  equations  in  the  absence  of  body  forces  are  reduced  to  four  ordinary 
differential  equations.  The  specializations  appropriate  for  the  known  underlying 
pure  azimuthal  shear  deformation  are  then  noted  in  Section  6.3. 
In  order  to  obtain  a  quantitative  idea  of  the  nature  of  the  solutions  to  the  incre- 
mental  equations,  we  choose  the  simplest  strain-energy  function  discussed  in  Chap- 
ter  3  to  study  the  considered  deformation  in  Section  6.4.  Unfortunately,  due  to  the 
complicated  nature  of  the  four  ordinary  differential  equations,  closed-form  solutions 
are  not  obtained  and  numerical  solutions  are  therefore  obtained.  Results  for  the  dis- 
placement,  as  well  as  the  incremental  nominal  stresses  are  obtained  and  illustrated 
graphically  in  Section  6.5. 
The  results  of  Chapter  3  have  been  published  in  the  Quarterly  Journal  of  Me- 
chanics  and  Applied  Mathematics  (1998).  The  material  of  Chapter  5  has  been 
7 accepted  by  the  International  Journal  of  Non-Linear  Mechanics. Chapter  2 
The  Basic  Theory 
2.1  Preliminaries 
An  elastic  body  undergoing  motion  occupies  different  regions  of  three  dimensional 
Euclidean  space  at  different  times.  It  is  convenient  to  choose  a  fixed  region,  B  say, 
as  reference,  and  to  identify  points  of  the  body  with  their  position  vectors  X  in  Bo, 
which  is  then  called  the  reference  configuration.  At  time  t  we  denoted  by  Bt  the 
configuration  then  occupied  by  the  body.  This  is  called  the  current  configuration. 
2.1.1  Deformation  and  Strain 
We  consider  the  mapping  from  the  reference  configuration  Bo  to  a  current  config- 
uration  B  as  a  deformation  or  motion  of  the  body.  It  carries  each  point  X  in  the 
reference  configuration  13o  into  a  point  in  the  current  configuration  Bt.  The  point 
in  ßo  is  denoted  by  the  position  vector  X  and  the  point  in 
, 
3t  by  x,  relative  to 
arbitrarily  chosen  origins.  The  deformation  may  be  regarded  as  a  one  parameter 
9 mapping  Xt:  13o  -4  Bt.  We  write 
x=  Xt(X)  XE  13o.  (2.1.1) 
For  a  fixed  time,  it  is  convenient  to  suppress  the  dependence  on  t  and  write  the 
deformation  of  the  body  in  the  form 
X=  X(X)  XE  Boy  (2.1.2) 
where  x  is  assumed  to  be  at  least  differentiable  with  respect  to  X. 
On  taking  the  differential  of  equation  (2.1.2),  we  obtain 
dx  =  GradXdX,  (2.1.3) 
where  Grad  is  the  gradient  operator  in  B.  The  second-order  tensor  GradX  is  known 
as  the  deformation  gradient  tensor,  which  we  denote  here  by  A.  A  deformation  with 
A  constant  is  homogeneous.  In  general,  A  depends  on  X.  "Te  choose  basis  vectors  Et 
and  et  (i  =  1,2,3)  in  the  reference  and  current  configurations  respectively.  When 
the  bases  E;  in  B  are  Cartesian  rectangular  coordinates,  we  may  express  A  in  the 
form 
A= 
(Ei-+E2-+E3-)x' 
for  example.  When  the  bases  E;  in  BO  are  cylindrical  polar  coordinates  ER,  Eo,  Ez, 
we  have 
A= 
(ER+Ee+Ez)x. 
(2.1.5) 
'We  adopt  the  conventional  assumption  that  the  Jacobian 
J=detA  (2.1.6) 
10 is  positive  at  each  point  of  Lao.  Physically,  this  implies,  in  particular,  that  interpen- 
etration  of  matter  is  excluded  (for  example,  see  Atkin  and  Fox  (1980)). 
According  to  Nanson's  formula,  we  have 
nds  =  JA-TNdS,  (2.1.7) 
where  dS  =  NdS  and  ds  =  nds  represent  infinitesimal  vector  area  elements  in  Bo 
and  ßt  respectively,  N  is  the  positive  unit  normal  to  the  surface  dS  and  n  to  the 
surface  ds.  The  corresponding  volumes  dV  in  BO  and  dv  in  St  are  related  by 
dv  =  JdV.  (2.1.8) 
For  this  reason,  if  the  volume  in  Bo  is  unchanged  during  the  deformation,  we  have 
J=1  and  the  deformation  is  said  to  be  isochoric.  ]Furthermore,  a  material  for  which 
the  volume  of  any  region  in  Bo  is  unchanged  during  any  deformation  is  said  to  be 
incompressible,  and  it  is  said  to  be  compressible  if  there  is  no  such  constraint  on  the 
body  during  any  possible  motion.  Here  we  mostly  consider  compressible  materials. 
Since  the  tensor  A  is  non-singular  by  the  assumption  (2.1.6),  there  are  the  unique 
decompositions  from  the  Polar  Decomposition  Theorem  of  the  form 
A=RU=VR,  (2.1.9) 
where  U  and  V  are  symmetric,  positive  definite  tensors  and  R  is  proper  orthogonal. 
The  tensors  U  and  V  are  called  the  right  and  left 
.  stretch  tensors  respectively,  and 
R  satisfies 
RTR=RRT=I,  detR=1,  (2.1.10) 
11 where  I  is  the  identity  tensor  and  the  superscript  T  denotes  the  transpose  of  a 
tensor.  With  the  help  of  equation  (2.1.10)  we  have  det  A=  detU.  If  R=I,  we 
have  A=U=V  and  the  deformation  is  known  as  a  pure  strain.  We  use  the 
notation  B=  AAT  and  C=  ATA  for  the  left  and  right  Cauchy-Green  deformation 
tensors  respectively.  They  are  then  easily  related  to  U  and  V  through 
B=V2,  C=U2.  (2.1.11) 
Since  U  is  symmetric  and  positive  definite,  its  principal  values  Ai  (i  =  1,2,3) 
are  positive.  Let  u(=)  (i  =  1,2,3)  be  the  principal  axes  of  U.  Then,  we  have  the 
spectral  decomposition 
3 
AZu(`)  ®  u(=).  (2.1.12) 
The  AZ  are  also  the  principal  values  of  V  corresponding  to  principal  axes  v(1  = 
Ruf`)  (i  =  1,2,3),  and  we  therefore  have 
Atv(:  )  ®  VW.  (2.1.13) 
We  refer  to  a;  as  the  principal  stretches,  u('  and  v(2)  as  Lagrangian  and  Eulerian 
principal  axes  of  the  deformation  respectively.  From  equation  (2.1.11),  we  deduce 
that  B  has  the  same  principal  axes  as  V,  and  C  as  U,  and 
3 
B=EA  v(i) 
i=l 
3 
A30) 
The  principal  stretches  Al,  \2,  )3  are  scalar  quantities  which  are  independent  of  the 
choice  of  the  coordinate  system.  The  principal  invariants  of  U  (or  V)  are  defined 
12 as 
il  =  Ai  +  A2  +  A3  =  tr  U, 
(tr  U)2  -  2tr  U2,  (2.1.16)  22  =  A1A2  A2A3  A3) 
=2 
i3  =  A1A2A3  =  det  U. 
Similarly,  the  principal  invariants  of  B  (or  C)  are  denoted  by 
Il  =  Ai  +  A2  +  A2  =  tr  B, 
12  = 
i12i12  +  )2)2  +  A2ý2 
=1 
(tr  B)2 
-1 
tr  B2  (2.1.17) 
12233  1-  22 
13  =  'ßi'2'3  =  det  B. 
2.1.2  Analysis  of  stress  and  equation  of  equilibrium 
Let  v  be  the  region  occupied  by  an  arbitrary  part  of  the  body  in  the  current  con- 
figuration  ßt,  and  s  be  the  closed  surface  bounding  v,  the  outward  unit  normal  to 
which  is  denoted  by  n.  We  use  the  notation  t  as  the  traction  per  unit  area  of  s, 
and  b  as  the  body  force  per  unit  volume  of  v.  From  Cauchy's  law  that  t  depends 
linearly  on  n,  we  may  deduce  that  there  exists  a  second  order  tensor  T,  which  is 
symmetric  and  independent  of  n,  such  that 
t(x,  n)  =  T(x)n,  (2.1.18) 
for  all  x  in  Bt  and  each  unit  vector  n.  Thus,  T  is  said  to  be  the  Cauchy  stress 
tensor.  In  Cauchy  elasticity,  the  stress  response  of  a  material  is  determined  solely 
by  the  deformation  gradient  tensor,  and  we  may  write 
T=  H(A),  (2.1.19) 
where  H  is  called  the  response  function  of  the  material. 
13 Material  objectivity  requires  that  T  is  objective  (see,  for  example  Ogden  (1984)). 
A  consequence  of  objectivity  is  that  the  response  function  H  must  satifies 
H(QA)  =Q  H(A)QT,  (2.1.20) 
where  Q,  denoting  a  general  rotation,  is  an  arbitrary  proper  orthogonal  tensor. 
Furthermore,  if  the  material  is  isotropic,  we  must  have 
H(A)  =  H(AP),  (2.1.21) 
where  P  is  an  arbitrary  proper  orthogonal  tensor.  We  may  choose  P  to  have  the 
value  RT  given  by  (2.1.9),  and  from  equation  (2.1.21)  we  may  deduce  that 
H(A)  =  H(ART)  =  H(VRRT)  =  H(V).  (2.1.22) 
Finally,  we  obtain 
H(QVQT)  =  QH(V)QT.  (2.1.23) 
A  consequence  of  the  objectivity  and  isotropy  is  that  the  stress  T  must  be  coaxial 
with  the  Eulerian  principal  axes  0).  Thus,  if  tl,  t2i  t3  denote  the  principal  values 
of  T,  then  we  may  write 
3 
T=t;  v(')  0  v(=).  (2.1.24) 
In  some  situations  it  is  more  convenient  to  introduce  a  concept  of  nominal  stress 
tensor  S,  as  the  traction  per  unit  area  of  the  reference  configuration,  which  can  be 
expressed  as 
tds  =  Tnds  =  ST  NdS, 
14 where  N  again  denotes  the  outward  unit  normal  of  the  area  S  in  Bo,  The  area 
elements  dS  and  ds  on  S  and  s  are  related  by  Nanson's  formula  (2.1.7).  We  then 
have 
S=  JA-1T.  (2.1.25) 
With  the  help  of  the  symmetry  of  T,  it  follows  that 
AS  =  ST  AT,  (2.1.26) 
so  that  S  ST  in  general.  If  we  introduce  the  notation 
Tý1>  =2  (SR  +  RT  ST  ),  (2.1.27) 
as  the  symmetric  part  of  tensor  SR,  V  is  said  to  be  the  Biot  stress  tensor.  For 
an  isotropic  material  SR  is  a  symmetric  tensor  (see  Ogden  (1984))  and  we  have 
S=  T(l)RTI  (2.1.28) 
where  V  is  conjugate  to  the  right  stretch  U.  Let  til),  t21),  t31)  denote  the  principal 
values  of  V).  We  then  have 
3 
T(1)  _  týl)u(=)  ®u(=).  (2.1.29) 
t-i 
From  equation  (2.1.29)  it  follows  that 
3 
S=  t(l)U(i)  ®  v(t).  (2.1.30) 
The  (Eulerian)  equation  of  motion  is  given  by 
div  T+  pb  =  px,  (2.1.31) 
where  p  denotes  the  density  per  unit  volume  in  Bt,  b  represents  the  body  force 
per  unit  volume  in  Bt  and  a  superposed  dot  represents  material  differentiation  with 
15 respect  to  time  t.  In  the  static  case,  we  have  x=0  and  equation  (2.1.31)  is' 
referred  to  as  the  equilibrium  equation.  If,  furthermore,  there  is  no  body  force,  the 
equilibrium  equation  reduces  to 
divT=0.  (2.1.32) 
In  rectangular  Cartesian  coordinates,  equation  (2.1.32)  can  be  written  in  com- 
ponent  form  as 
DTii  DT12  DTi3 
cDx1  cix2  C9x3 
=  0,  + 
ßT21  OT22  49T23  +=  01  (2.1.33) 
8x1  Dx2  C)x3 
C9T31  c7732 
DT33 
07x1 
+ 
ox2 
+ 
C),  3=0. 
In  cylindrical  polar  coordinates,  equation  (2.1.32)  can  be  expressed  in  component 
form  as 
DTrr  10Ter  0Tzr  1 
Or 
+r 
C90 
+ 
C7z 
+y(Trr-TBB)=0, 
DTre  1OTBB  DTze  1 
(2.1.34) 
OT, 
z  1  OTez  aT 
z1  57  +r 
W0 
+ 
cýz 
+ 
7"Trz 
=  0. 
Let  po  denotes  the  density  per  unit  volume  in  B.  Then,  the  mass  conservation 
equation  may  be  expressed  in  the  form 
J=  po/p.  (2.1.35) 
The  corresponding  Lagrangian  equation  of  the  motion  is  given  by 
Div  S+  pob  =  pox,  (2.1.36) 
where  Div  is  the  divergence  operator  in  L30.  Similarly,  the  component  forms  of  the 
equilibrium  equation,  in  the  absence  of  body  force,  may  be  written  in  Cartesian 
16 rectangular  coordinates  as 
los11 
oýý1 
0521 
C9X1 
0531 
C9X1 
C9S12 
+ 
ox2 
C9S22 
+C9X2 
0532 
+ 
C9X2 
x513 
_  + 
C9X3 
C9S23 
_  +C9X3  01 
C9S33 
_  + 
C9X3 
and  in  cylindrical  polar  coordinates  as 
öSRr  1  Dspr 
+ 
DSZ, 
+ 
1 
+  (Snr  -Spa)  =  0, 
DR  R  cýO  DZ 
asRB  1  asOo 
+ 
asZO 
+ 
1 
+(sR©+  spr)  =  0, 
DR  R  DO  DZ 
DsRz  1  DDspz  CýSzz  1 
cDR 
+R 
cDO 
+  Dz  +RSnz=0. 
2.1.3  Strain-energy  function 
(2.1.3  7) 
(2.  l.  3ä) 
We  consider  the  stress  power  per  unit  volume  for  a  Cauchy  elastic  material,  which 
may  be  represented  by  tr(SdA/dt),  see  Ogden  (1984).  If  there  exists  a  scalar  func- 
tion  14/(A)  such  that 
dt 
w(A)  =  tr  S 
dA  f 
(2.1.39) 
such  an  elastic  material  is  said  to  be  a  Green  elastic  material  (or  hyperelastic  ma- 
terial).  Since  the  function  VV(A)  may  measure  the  energy  stored  in  the  material 
during  deformation,  we  refer  to  it  as  the  strain-energy  function.  When  such  a  117 
exists,  we  have 
.  dtW(A)  =  tr{pia(AA) 
dA 
(2.1.40) 
Comparison  of  equations  (2.1.39)  and  (2.1.40)  shows  that  the  nominal  stress  tensor 
may  be  expressed  as 
011,  (A) 
OA  '  (2.1.4  1) 
17 and  hence,  by  equation  (2.1.25),  the  Cauchy  stress  tensor  as 
= 
DW  (A) 
T  J-lA 
aA 
(2.1.42) 
For  a  homogeneous  objective,  isotropic  hyperelastic  material,  li7(A)  satisfies 
T'V(A)  =  li"(QA)  =  (2.1.43) 
for  arbitrary  rotations  Q  and  P.  From  equation  (2.1.43),  it  is  easily  shown  that 
117(QVQT)  =  W(V),  (2.1.44) 
which  holds  for  arbitrary  Q.  By  choosing  Q=R  we  deduce  that 
N/(A)  =  117(U)  =  I'V(V).  (2.1.45) 
Noting  equation  (2.1.28),  we  then  have 
c7  i,  V 
Tý1ý  _ 
V(U 
(2.1.46) 
and  equation  (2.1.40)  may  be  rewritten  as 
TV 
(T(1). 
-j=  tr  (2.1.47) 
According  to  equation  (2.1.12),  the  strain-energy  function  may  be  regarded  as  a 
function  of  the  principal  stretches  .  A,,  A2,  , 13,  namely 
111'  _  º'V(All  A2,  A3),  (2.1.48) 
and  must  satisfy  the  symmetry  requirement 
147(  Ali 
A21  )3)  =  j'17(. 
21 
A31  Al) 
=  1'1'7(A3,  A17  i12).  (2.1.49) 
Thus,  V  is  given  by 
3 
T(1)  _  u(=)  0  U(')  (2.1.50) 
is when  expressed  in  spectal  form.  Correspondingly,  the  principal  components  t=  of 
Cauchy  stress  T  are 
am" 
ti  =  J-1i  -,  i= 
aAt 
1,2,3  (2.1.51) 
where  no  summation  is  implied,  and 
3  alt, 
J-1  Ai  v(=)  ®  v(=).  (2.1.52) 
aAi 
When  a  natural  configuration  is  taken  as  the  reference  configuration,  we  may 
assume  that  IVY  vanishes  in  such  a  configuration,  and  set 
T4"(1,1,1)  =  0.  (2.1.53) 
Analogously,  the  value  of  the  stress  is  zero  in  the  natural  state,  that  is 
aw(1,1,1) 
=  0,  i=1,2,3.  (2.1.54) 
Additionally,  for  compatibility  with  the  classical  theory  in  the  linear  approximation, 
we  must  have 
2T4  ßa2(1' 
1'  1)=h-fß 
2ý  j,  ý 
,- 
2µ 
ij  (2.1.55) 
aAiaAj  3 
with  i,  j=1,2,3,  where  p  is  the  shear  modulus  and  h,  the  bulk  modulus  in  the 
natural  configuration.  (see  Ogden  1984) 
In  particular,  we  may  treat  1,  V  as  a  function  of  the  principal  invariants  ii,  i2,  i3 
given  by  equation  (2.1.16), 
11'(A)  =  iF(il,  i2)  i3).  (2.1.56) 
19 Therefore,  equations  (2.1.53)  and  (2.1.54)  lead  to 
17(3,3,1)  =  0, 
iýrl(3,3,1)  +  21472(3,3,1)  +  1V3(3,3,1)  =  0,  (2.1.57) 
and  equations  (2.1.55)  to 
TT72(3,3,1)  +  1173(3,3,1)  =  -21t, 
1V11(3,3,1)+4T  21(3,3,1)+214,  '31(3,3,1)--414T722(3,3,1) 
+  4W23(3,3,1)  +  W33(3,3,1)  =h+  -it,  (2.1.58) 
where  Iq  =  aWT/oiq,  q=1,2,3  and  ICI  pq  =  821V/OipOiq,  p,  q=1,2,3. 
We  may  also  regard  W  as  a  function  of  any  three  other  independent  invariants 
of  the  deformation.  For  example,  we  refer  to  IV  as  a  function  of  Il,  I2,13  given  by 
equation  (2.1.17),  namely 
I17(A)  =  ll,  '(I1,12,13).  (2.1.59) 
Analogously  to  (2.1.57)  -  (2.1.58),  the  following  equations  should  hold 
TV(3,3,1)  =  0, 
TV,  (3,3,1)  +  21,  i/2(3,3,1)  +  1,173  (3,3,1)  =  0,  (2.1.60) 
and 
T  72(3,3,1)  +  ITT3(3,3,1)  _  -2Eý, 
1i711(3,3,1)  +  414,  '21(3,3,1)  +  21T'31(3,3,1)  +  41'1722(3,3,1) 
+  4W23(3,3,1) 
+  14733(3,3,1) 
_  ýL  + 
3/L, 
(2.1.61) 
where  T!  q  =  0W17/oIq,  q=1,2,3  and  F  Pq(3,3,1)  =  D2FFV/DIpOIq,  p,  q=1,2,3. 
20 2.2  Equations  of  incremental  elasticity 
2.2.1  Incremental  deformation 
Recalling  the  deformation  described  in  Section  2.1.1 
X=  x(x),  (2.2.1) 
we  consider  that  a  displacement  u  is  superimposed  on  the  deformation  for  each  XE 
80,  and  then 
u=  Sx  =  SX(X),  (2.2.2) 
where  the  symbol  S  indicates  a  small  increment  in  the  quantity  concerned. 
Supposing  that  the  displacement  is  small  enough  to  be  able  to  ignore  terms  of 
second  order  in  u,  u=  Sx  is  said  to  be  an  incremental  deformation.  The  exact 
deformation  gradient  corresponding  to  this  displacement  is  given  by 
SA  =  S(Grad  x)  =  Grad  (x  +  u)  -  Grad  x=  Grad  u.  (2.2.3) 
However  the  corresponding  increment  of  J  has  the  linear  approximation 
SJ  =  Jtr  I(SA)A-'}.  (2.2.4) 
If  the  reference  configration  is  updated  to  the  basic  deformed  configration  (2.2.1), 
the  deformation  gradient  relating  to  the  current  configuration  is  given  by 
SAo  =  grad  u=  SAA-1,  (2.2.5) 
where  grad  refer  to  the  gradient  operation  taken  with  respect  to  x. 
21 2.2.2  Incremental  constitutive  law  and  equilibrium  equation' 
For  a  compressible  material,  the  nominal  stress  increment  to  the  first  order  may  be 
written  as 
SS  =  , 
AAA,  (2.2.6) 
where 
A.  = 
as 
(2.2.7) 
is  a  fourth-order  tensor  which  is  called  the  tensor  of  first-order  elastic  moduli 
associated  with  the  conjugate  pair  (S,  A). 
If  we  now  let  a  superposed  dot  instead  of  S  represent  the  increment  in  a  quantity 
concerned,  so  that  A=  SA  for  example,  and  equations  (2.2.4) 
- 
(2.2.6)  may  be 
written  as 
J=  Jtr  IAA-1},  (2.2.8) 
Ao  =A-A-,  (2.2.9) 
S=  , 
AA.  (2.2.10) 
The  nominal  stress  increment  relating  to  the  current  configration  is  given  by 
So  =  AoAo,  (2.2.11) 
where  AO  is  called  the  tensor  of  instantaneous  moduli.  With  the  help  of  (2.1.7)  we 
have 
So  =  J-IAS.  (2.2.12) 
22 On  substituting  equations  (2.2.10)  and  (2.2.12)  into  equation  (2.2.11),  and  compar- 
ing  with  equation  (2.2.9),  we  may  find  the  relationship  between  A.  and  Ao  in  the 
component  form 
J4oijkl  =  J-iAtsttkt.  Asjtl.  (2.2.13) 
The  equilibium  equation  without  body  force  in  the  current  configuration  is 
div  So  = 
For  a  hyperelastic  material,  we  have 
aA2  , 
(2.2.15) 
with  the  help  of  equations  (2.1.41)  and  (2.2.7).  Furthermore,  if  the  material  is 
homogeneous  and  isotropic,  the  nonzero  components  of  Ao  on  the  Eulerian  principal 
axes,  from  equation  (2.2.11),  may  be  given  by 
. 
A,  iijj  =  J')1)11,  (2.2.16) 
4oi;  i;  =J 
(Aiij  4 
A?  Aý 
- 
Aji4,  r  3)  A? 
3,7  (2.2.17) 
. 
Aoijji 
=  . 
Aojiij 
=  . 
Aoijij  -  J-'Aiilt  ii  54  j  (2.2.18) 
with  i,  j=1,2,3,  where  Wj  =  DN7/DA=  and  TT  tý  =  D2I'T,  '/OAiDij,  and  no  summation 
convention  applies  here. 
The  details  of  this  section  can  be  seen  Ogden  (1984,  Chapter  6). 
23 Chapter  3 
Azimuthal  shear  of  a  circular 
cylindrical  tube 
3.1  Background 
We  consider  a  compressible  nonlinearly  elastic  thick-walled  circular  cylindrical  tube 
whose  cross-section  in  its  natural  (unstressed)  configuration  is  defined  by 
O<A<R<B,  0<O<2r,  (3.1.1) 
where  (R,  0,  Z)  are  polar  coordinates.  Attention  is  restricted  to  plane  deformations 
in  which  there  is  no  extension  along  the  axis  of  the  cylinder  and  the  deformation  of  a 
cross-section  is  independent  of  the  axial  coordinate,  Z  say.  To  maintain  plane-strain 
conditions  appropriate  axial  loading  is  required  on  the  ends  of  the  tube,  but  these 
will  not  be  needed  explicitly. 
An  azimuthal  shear  deformation  is  defined  by 
r(R),  0=0+g(R),  z=Z,  (3.1.2) 
24 where  (r,  0,  z)  are  cylindrical  polar  coordinates  associated  with  the  deformed  con- 
figuration. 
We  take  the  boundary  conditions  as 
r(A)  =  A,  r(B)  =  B,  (3.1.3) 
g(A)  =  0,  g(B)  =  0,  (3.1.4) 
in  the  cross-section  of  the  tube,  ý  being  the  angle  through  which  the  boundary 
R=B  is  rotated. 
Referred  to  cylindrical  polar  coordinates  the  deformation  gradient  tensor  A  has 
components 
r'  00 
A=  rg'  r/R  0 
001 
where  the  prime  indicates  differentiation  with  respect  to  R,  and  its  inverse  is 
1/r'  00 
A-i  =  -Rg'/r'  R/r  0"  (3.1.6) 
001 
The  principal  invariants  Il,  12,13  of  the  deformation  tensor  B=  AAT  are  given 
by 
I,  =  rya  +  r29/2  +  r2/R2  +  11 
I2  =  ß, 
29i2  +  r2/R2  +  7,12  +  71271  12/R2,  (3.1.7) 
13  =  7,2r12/R 
2. 
For  an  arbitrary  strain-energy  function  ITV  =  1,17(11,12,13)  which  satisfies  equa- 
25 tions  (2.1.60)  and  (2.1.61),  we  calculate,  with  the  help  with  equations  (2.1.17) 
aW 
=  2.  ßi 
(117 
1 
ah 
+  itr 
012 
+  1'173 
a13 
=  2A  H1+  2A;  1  (121  V2  +  131173)  -  2AT  31'V3,  (3.1.8) 
where  IV  _=  0W/DII  (i  =  1,2,3).  Equation  (2.1.52)  is  then  rewritten 
T=2I32ý[I2iv2+I3W3+A;  1,1,  rl_Ai2  i,  ir2,  V(=)®V(=).  (3.1.9) 
According  to  equation  (2.1.14),  it  follows  that 
III 
T=  213  2  (IJV2  +  I31l,  3)I  +  2I3  2  fl  1B  -  2I3  FV2B-1.  (3.1.10) 
Since  T=  I3  'AS,  the  equations  (2.1.38)  of  equilibrium  in  the  absence  of  body 
forces,  therefore  lead  to  two  nonlinear  ordinary  differential  equations,  which  may  be 
written  as 
d  Rr'  Rr'  rr'  rr'  Rrj2  1 
12  147,  +  +  2+-N's  +  ---Rq  147, 
dR  rrRR  r2  R 
R3  R  R3gi2 
+ 
7,,  1  -  r2r,  2  - 
r27,,  2 
H72  =  0, 
2g'R(r21471  + 
; 
TV2)  =  K,  (3.1.11) 
where  K  is  a  constant,  the  second  of  these  having  been  obtained  by  integration  with 
respect  to  R. 
A  boundary  value  problem  is  specified  by  equations  (3.1.11)  together  with  the 
boundary  conditions  (3.1.3)  and  (3.1.4),  the  existence  and  form  of  solutions  for 
r(R)  and  g(R)  being  dependent  on  the  choice  of  the  strain-energy  function  of  the 
material.  In  general,  closed  form  solutions  of  boundary-value  problems  in  finite 
elasticity  are  usually  rather  difficult  to  obtain.  For  the  circular  shear  problem,  the 
special  case  in  which  the  radial  displacement  is  always  zero,  which  is  usually  called 
26 the  pure  azimuthal  shear  (or  torsional),  has  been  considered  by  several  authors. 
Some  explicit  results  have  been  obtained  for  some  special  forms  of  strain-energy 
functions  for  compressible  materials.  Here  we  describe  such  strain-energy  functions 
and  the  associated  solutions. 
For  pure  azimuthal  shear,  we  set  r=R  in  equations  (3.1.7).  Then, 
Il  =  I2  =3+  R2gj2,13  =  1, 
and  equations  (3.1.11)  become 
R(FV 
+2W2+i'V3)-Rgj2(i'V1  +1,172)  =  0, 
R39(Wi+M'2)  =K.  (3.1.13) 
The  boundary  conditions  (3.1.3)  are  then  satisitied  automatically  and  (3.1.4)  are 
g(A)  =  0,  g(B)  =  0,  (3.1.14) 
where  0>0  is  a  given  constant. 
Ertepinar  (1990)  has  considered  the  polynomial  form  of  strain-energy  function 
proposed  by  Levinson  and  Burgess  (1971)  in  the  form 
j47  =2 
[Ii 
-  3)  +  (1  -  a)  \I3  -  3)  +  2(1  -  2a) 
(ii 
-1l+  (2a  +  /3) 
('i 
-  I2] 
// 
(3.1.15 
When  a=4,  the  solution  for  g(R)  is  found  to  be 
9(J1)  =  c1R-2  +  X2,  (3.1.16) 
where  cl  and  c2  are  constants  which  are  determined  by  the  boundary  conditions 
(3.1.4) 
27 Similarly  the  generalized  Blatz-Ko  material  (1962),  which  has  the  form 
-v 
2I 
2 
[if  Il-1-v+(1  v2v)I351  V2 
1  112  1  (1  -  2v)  I-2v  1 
+2  v(1-  f)  IL  13-1--+ 
v 
13  v 
leads  to  the  solution  (3.1.16)  when  f=  s-ý,  which  was  obtained  by  Polignone  and 
Horgan.  (1994),  where  µ  and  v  are  the  shear  modulus  and  Poisson's  ratio  and  ýý  > 
0,  -1<v<2. 
Haughton  (1993)  obtained  the  same  solution  for  g(R)  for  the  class  of  strain  energy 
function  considered  by  Agarwal  (1979).  This  has  the  form 
iýý  = 
2Eý[(Il 
-  3)Hl(13)  +  (12  -  3)H2(13)  +  113(13)1, 
where  H,  (I3)  (i  =  1,2,3)  are  functions  which  satisfy 
II3(1)  =  0,  H'(1)  +  2H'2(1)  +  H3(1)  =  0,  (3.1.19) 
and 
H1(1)  =  HZ(1).  (3.1.20) 
A  necessary  condition  for  the  solution  to  exist  was  found  to  be 
H1(1)  +  H2(1)  +4(Hi(1)  +  H2'(1))  =  0.  (3.1.21) 
Carroll  (1988)  considered  three  distinct  classes  of  strain-energy  function,  defined 
as  follows. 
First  are  the  harmonic  materials,  which  have  strain-energy  function 
TV  =  f(il)  +  c2(i2  -  3)  +  c3(i3  -  1),  (3.1.22) 
28 where  il,  i2,  i3  are  given  by  equations  (2.1.16),  for  which  pure  circular  shearing  is 
impossible.  However,  a  circular  shearing  solution  with  r0R  was  found  by  Ogden 
(1978)  for  (3.1.22). 
Second  are  the  compressible  Varga  materials  with  strain  energy  function 
147  =  cl(il  -  3)  +  c2(i2  -  3)  +  12(i3). 
The  solution  for  g(R)  from  equation  (3.1.13)  is 
g(R)  =  cos-1(c/R2)  +  E, 
where  C  and  E  are  constants  determined  by  the  boundary  conditions. 
The  third  class  of  strain-energy  functions  is  given  by 
147  =  cl(il  -  3)  +  s(i2)  +  c3(i3  -  1), 
(3.1.23) 
(3.1.24) 
(3.1.25) 
for  which,  again,  circular  shearing  is  not  possible.  We  note  here  that  cl,  c2  and  c3 
are  arbitrary  constants  and  f,  h  and  s  are  arbitrary  functions  which  must  ensure 
that  equations  (2.1.60)  and  (2.1.61)  are  satisfied. 
Haughton  (1993)  also  considered  a  class  of  strain  energy  functions  given  by 
14T(  117  127  13)  _  (ý  (  Il)  +  ?(  I2)  +  I(  I3) 
7 
where 
2(D(3)  +  '(1)  =  0,3('(3)  +  IP'(1)  =  0. 
In  the  special  case,  when  -ib  and  J  are  defined  as 
1(x)  =  axz, 
(3.1.26) 
(3.1.27) 
(3.1.25) 
29 with 
T(1)  =  -2a/, 
T'(1)  =  -a//2, 
T"(1)  >  13a/12/, 
the  solutions  for  g(R)  from  (3.1.13)  is 
g(R)  =2  cos  c2,  0  <c1  <A2, 
(3.1.29) 
(3.1.30) 
where  cl  and  c2  are  constants. 
3.2  New  formulation  of  the  azimuthal  shear  prob- 
lein 
In  this  section,  we  will  give  a  special  characteristic  of  the  circular  shearing  of  elastic 
materials  and  then,  the  system  of  the  two  second-order  ordinary  differential  equa- 
tions  (3.1.11)  for  r(R)  and  g(R)  will  be  simplified. 
Noting  equations  (3.1.7),  we  observe  immediately  the  connection 
I2=Il  +I3-1,  (3.2.1) 
between  the  principal  invariants.  We  note  that  (3.2.1)  holds  not  only  for  the  defor- 
mation  (3.1.2)  but  for  every  plane  strain  deformation. 
With  the  restriction  to  plane  strain  only  two  of  the  invariants  Il,  12,13  are  inde- 
pendent,  and  the  strain  energy  1,17(11,12,13)  per  unit  reference  volume  of  a  compress- 
ible  isotropic  elastic  material  may  then  be  regarded  as  a  function  of  two  invariants. 
Accordingly,  we  define  ITV  (Il,  13)  by 
1V(Il,  13)  =  1'1'r  (Ili  Il  +  13  -  1,13)  (3.2.2) 
30 when  (3.2.1)  holds  identically.  We  then  have 
11ri  =  T471  +  IV'2)  I'173  =  T'Tr2  +  14  3,  (3.2.3) 
and 
Iýýii  =  1,1  711  +  2jVr12  +  IV22) 
1473=11112+1'17  13+1172  -+  -IT723, 
W33=1422+2iß"23+11733.  (3.2.4) 
Equations  (2.1.60)  and  (2.1.61)  become 
TV(3,1)  =  0,  TV1(3,1)  =  -W3(3,1)  =  211, 
117  (3,1)  +  211113(3,1)  +  14733(3,1)  =  4h  +  3µi  (3.2.5) 
where  Wý  _  Oll, '/UI 
,i=1,3  and  i,  i,  j  =  ö21VV/oI  I,  i,  j=  113. 
Furthermore,  we  calculate 
UT1T  ail  Cý(Il  +  I3 
- 
1)  a13 
ý]`  -  `+I1T2  `  +FV3\ 
77 
013 
_  (W1+1472) 
ýý2 
cýh  +(T 
2  +"3)aAj 
ail 
+ 
013 
=  2aijTTi  +  2A2  l  I3W3.  (3.2.6) 
According  to  equation  (2.1.30)  and  (2.1.50),  the  nominal  stress  tensor  S  is  given  by 
s  -jjA 
ta-u(i)  0  V(i) 
3 
=2 
(AiRVI 
+  Ai-1  13i'V3)  u(z)  0  v(t) 
i.  l 
T  =  2IV1A  +  2I3I,  1/'3A-1,  (3.2.7) 
31 and,  making  use  of  equations  (3.1.5)  and  (3.1.6),  the  physical  components  of  S  are 
22 
SRr  =  2r'li7l  + 
Rz 
ýa 
Soo  =2R  Týýi  + 
2R2 
i't'3, 
2r2rj2 
SZ, 
z  =  2W1  + 
R2 
I'V3, 
2r2r'  ' 
SRe  =  2rg'Tlri,  Sor  =-  R2 
1'13, 
SRz=SZr  S®z=SZ©=0.  (3.2.8) 
The  corresponding  Cauchy  stress  tensor  T=  I3  'AS  is  given  by 
T=  2I32  i+'lB+21311,  '3I.  (3.2.9) 
Substitution  from  B=  AAT  in  (3.2.9)  yields  the  physical  components  of  T,  namely 
2rr' 
T,  =2r  iT'l  +  14V3 
,2, 
Teo=2  C 
r7g  +Rr,  +2R  'i'711 
2R,, 
-,,,, 
27-r' 
T.  = 
7,  r, 
+  i'V3 
Tre  =  2Rg'IVV1, 
TrZ=Tez=0.  (3.2.10) 
After  substitution  of  the  components  of  S  from  (3.2.8)  with  (3.2.1)  and  (2.1.17)  into 
(2.1.38),  the  equilibrium  equations  Div  S=0,  two  equations  are  obtained.  The 
radial  equation  may  be  written 
(Rr'  d  Rr'  -  7,7"  7,  '  Rrgj2  r  iiýl  -I  2iir3  {)  iýV,  =  0dR 
r  r  ,,  f  Rr' 
(Rr 
and  the  azimuthal  equation  is 
cIIZ(Rj 
1Vl)  +2 
Rr 
32 From  (3.2.12)  it  leads  to 
1d 
(r  2Rg' 
r2  clR 
TWVi)  =  0.  (3.2.13) 
and  hence,  on  integration,  to 
r2Rg'TWW7i  =  Ii,  (3.2.14) 
where  k  is  a  constant  of  integration.  Noting  equations  (3.2-8)4  and  (3.2.10)4,  we 
then  obtain 
rRSRo  =  2[T,  r2Tre  =  2K.  (3.2.15) 
Assuming  the  constant  r  is  the  common  value  of  the  azimuthal  shear  stress  T,.  ©=  SRO 
at  the  outer  boundary  r=b=B,  it  follows 
2K=b2T. 
Therefore,  equations  (3.2.11)  and  (3.2.12)  can  be  rewritten 
dd(r  r' 
-(Rr'WW  1)  +rR  ITT3  - 
R'ji 
-  rRg'2 TýVI  =  0, 
rRSR9  =  r2Tro  =  2r2Rg'Wl  =  b27. 
3.3  Pure  azimuthal  shear 
(3.2.16) 
(3.2.17) 
Pure  azimuthal  shear  is  the  isochoric  specialization  of  the  deformation  (3.1.2)  cor- 
responding  to  r=R.  Then  (3.1.7)  reduce  to 
11  =3+  reg  2,  I3  =  1,  (3.3.1) 
33 and,  locally,  the  deformation  is  a  simple  shear  with  amount  of  shear  rg',  the  az- 
imuthal  direction  being  the  direction  of  shear. 
With  the  specialization  (3.3.1)  equations  (3.2.17)  reduce  to 
dr 
(1ýýi  f  1173)  -  rg'2iiýi  =  0,  (3.3.2) 
2r3g'Wi  =  b2  T.  (3.3.3) 
Let  -y  =  rg'  denote  the  amount  of  shear.  Then  -y  >0  is  associated  with  r>0 
(shearing  in  the  position  0-direction  with  g(r)  >0  for  r>  a)  and  7<0  corresponds 
to  T<0.  By  defining 
iýr(Y)  =  1T7ß  +  ry2ý  1)ý  (3.3.4) 
then,  Ave  have 
iýý'  =  2ylVi, 
LV"  =2  TV1  +  4721Výý  =2[  iTTT1  +2  (I1  -  3)1T711] 
. 
(3.3.5) 
Furthermore,  we  can  rewrite  (3.3.3)  as 
7'ro  =  j'ýýý(Y)  _b  (3.3.6) 
112 
with  >0  (<  0)  for  ry  >0  (<  0).  An  equation  analogous  to  (3.3.6)  in  the 
incompressible  theory  was  given  by  Ogden  (1979). 
Increasing  shear  y  corresponds  to  increasing  shearing  stress  TO  provided 
1ýýýý(Y)  >  ýý  (3.3.7) 
34 and  we  therefore  impose  (3.3.7)  for  all  'y.  The  monotonicity  of  T  T'(y)  implied  by 
(3.3.7)  ensures  that,  in  principle,  (3.3.6)  can  be  inverted  to  give  7=  rg'  uniquely 
as  a  function  of  r  and  hence  g  is  determined  by  integration.  Note  that  from  (3.3.6) 
and  (3.3.7)  it  follows  that  rg"  +  g'  <0  (>  0)  when  ry  >0  (<  0). 
From  equation  (3.3.5)  the  above  requirements  on  iV'(ry)  and  are  equivalent 
to 
T  71(I111)  >  0,2  (Il  -  3)T,  17II(I1,1)  +  111-1  (Ii,  1)  >  0,  (3.3.8) 
and  it  can  be  shown  that  these  inequalities  are  equivalent  to  (3.6)2  given  by  Haughton 
(1993)  and  (3.1)  given  by  Beatty  and  Jiang  (1997). 
With  these  conditions  holding  we  may  replacer  by  Il  as  the  independent  variable 
in  (3.3.2)  by  using  (3.3.1)  and  (3.3.3).  First,  we  rewrite  equations  (3.3.2)  and  (3.3.3 
as 
r-  (TV,  +  W3)  =  (Ii  -  3)T1T1,  (3.3.9) 
2r2  Il  -  3NW1  =  b2T,  (3.3.10) 
and  then  differentiate  equation  (3.3.10)  with  respect  to  r  to  obtain 
47-%  h-  3W1  +  2r2 
dr 
d(  1', 
1)  =  0, 
(/i 
-  31, 
and,  hence 
r$ 
(/i1 
-  311T1)  =  -2  h-  3TV1.  (3.3.11) 
Substituting  equation  (3.3.11)  into  equation  (3.3.9)  leads  to 
2r  (T  T1  +  IW,  3)  +h-3 
) 
dr 
(/ii 
-31  7)  =  0.  (3.3.12) 
35 On  elimination  of  differentiation  with  respect  to  r  in  favour  of  Il  it  leads  to  the  key 
condition 
2(I1  -  1)14,711(1,,  1)  +4TWW13(11,1)  +  1171(h,  1)  =0  (3.3.13) 
on  the  strain-energy  function.  Substituting  (3.2.4)  into  equation  (3.3.13)  leads  the 
equation  (3.2)  given  by  Beatty  and  Jiang  (1997).  It  can  also  be  shown  that  (3.3.13) 
is  equivalent  to,  but  simpler  than  equation  (3.6)1  given  by  Haughton  (1993).  It  is 
emphasized  that  equations  (3.3.8)  and  (3.3.13)  together  are  sufficient  conditions  for 
the  strain-energy  function  TV  to  admit  a  pure  azimuthal  shear  deformation  for  all 
T.  With  (3.3.13)  holding  it  follows  that  (3.3.8)2  is  equivalent  to 
1)  +  113(I!,  1)  <  0.  (3.3.14) 
On  the  other  hand,  whilst  (3.3.13)  is  also  a  necessary  condition  the  inequality 
(3.3-8)2  is  not  in  general  necessary  only  if  we  require  the  existence  of  a  unique 
solution.  The  latter  inequality  can  be  relaxed,  if  need  be,  to  allow  for  shear  softening 
in  which  the  shear  stress  exhibits  a  maximum  as  a  function  of  -y  (with  consequent  loss 
of  ellipticity).  In  these  circumstances  non-uniqueness  of  solution  arises.  Existence 
and  uniqueness  of  solution  is  guaranteed  if  (3.3.7)  holds.  To  ensure  existence  of 
solution  for  all  T  when  the  strain  energy  satisfies  (3.3.13)  and  when  (3.3.7)  does  not 
hold,  the  (weaker)  requirement  is  that  be  continous  and  unbounded.  If  the 
latter  has  a  finite  global  maximum  then  there  will  be  values  of  7-  for  which  solutions 
do  not  exist,  and  this  point  is  illustrated  by  one  of  the  examples  considered  in  Section 
3.4. 
Using  (3.2.5)  we  may  integrate  (3.3.13)  with  respect  to  Il  to  obtain 
2(I1  -  1)11'I(I1,1)  +  4TV3(I1,1)  -  Tl7(I1,1)  =  0,  (3.3.15) 
36 which  is  equivalent  to  equation  (3.3.13). 
Now  let  us  check  the  results  given  in  Section  3.1.  Using  equation  (3.2.1),  the 
form  of  the  strain-energy  function  (3.1.15)  becomes 
1-2)  1'ßr  -  23)+(1-a)/1  13 
-(1-a)I31+2(1-2a)(I3  -1)+(2a+,  ßXI3'-1)2],  (3.3.16) 
and  equation  (3.1.17)  is 
1-2v 
iV  = 
2Eýf 
Il-1-v+(1 
v2v 
I3 
1I1  (1  -  2v)  1-2vº 
ý-2v(1  -  f) 
f 
13  -  I31  -v+v  13  (3.3.17) 
The  materials  (3.1.18)  with  equation  (3.2.1)  can  be  rewritten 
III  = 
21t[(Il 
-  3)111(13)  +  113(13)),  (3.3.18) 
where 
hi(I3)  =  H1(I3)  +  H2(I3), 
h3(13) 
_  (13  -  1)H2(13)  +  H3(13). 
The  three  classes.  of  strain-energy  functions  considered  by  Carroll  in  (3.1.23), 
(3.1.24)  and  (3.1.26)  may  be  expressed  as  follows. 
For  the  harmonic  materials 
1I,  (3.3.19)  0W=f(\/Ii+21i_1+1)  +C2 
(+ 
c3(I  2 
for  the  Varga  materials 
j,  1J=c1CIl+2I3-1-2jjjj+c2(I1+2I3-1+I3-3)  +h(  I3),  (3.3.20) 
37 and  for  the  third  class  of  materials 
iýý  cl  l  Il  -I  2I3  -1-2  I  +C2 
(+213i 
-1+I3l  +c3(I3  -1 
). 
(3.3.21) 
It  is  easy  to  see  that  for  the  materials  (3.3.16)-(3.3.1S),  for  which  pure  azimuthal 
shearing  is  admitted,  IT'  is  linear  in  I.  In  this  case  we  have  1,171  =  constant  and 
T  T11  =  0.  Equation  (3.2.5)  leads  1111  2µ  >  0,  and,  therefore,  inequalities  (3.3.5 
hold  automatically.  On  use  of  these  materials  with  equation  (3.3.15),  we  may  recover 
the  same  results  with  the  help  of  equation  (3.3.13),  similarly  for  the  strain-energy 
function  given  by  Haughton  in  equation  (3.1.26). 
In  Section  3.4  we  apply  (3.3.15)  to  a  certain  class  of  strain-energy  functions. 
Together  with  inequalities  (3.3.8)  equation  (3.3.15)  then  determines  a  subclass  of 
materials  for  which  the  pure  azimuthal  shear  deformation  is  possible.  We  then 
use  (3.3.3)  to  determine  g(r)  subject  to  the  boundary  conditions  (3.1.4)  for  several 
members  of  the  subclass. 
3.4  Solutions  for  a  class  of  strain-energy  functions 
We  now  consider  the  class  of  strain-energy  functions  for  which  TT  is  given  in  the 
form 
IV(II,  I3)  =f  (Il)hl(I3)  +  h2(13),  (3.4.1) 
where  f  is  to  be  determined  using  (3.3.15)  while  the  functions  hl,  h2  are  to  be 
consistent  with  (3.2.5).  The  motivation  for  considering  (3.4.1)  is  that  for  strain- 
energy  functions  considered  previously  for  which  pure  azimuthal  shear  solutions 
have  been  found  W(I1,12,13)  is  linear  in  Il  and  I2  and  hence,  by  (3.2.1),  W(I1,12) 
3S is  linear  in  Il  while  111(13),  112(13)  have  very  specific  forms.  Thus,  (3.4.1)  provides  a' 
more  general  class  of  strain-energy  functions  for  which  pure  azimuthal  shear  might 
be  possible,  and,  as  will  be  seen  below,  the  special  case  in  which  f  (I,  )  is  linear 
in  Il  enables  results  of  Polignone  and  Horgan  (1994)  and  Haughton  (1993)  to  be 
recovered. 
We  have 
f'(I,  )h1(I3),  14,3  =f  (I,  )hi(I3)  +  14(13),  (3.4.2) 
j'1ý11  =  ['(11)hl(I3),  1,17  I3  =  ('(11)14(13),  117  33  =  f(I2)14(I3)  +h2(I3), 
where  the  prime  on  function  f  indicates  differentiating  with  respect  to  Il,  and  the 
prime  on  functions  hi,  (i  =  1,2)  differentuation  with  respect  to  13. 
Without  loss  of  generality  we  take  hl(1)  =  1.  Then,  with  (3.4.2),  (3.2.5)  gives 
M,  f(3)h  (1)  +  14(1)  =:  -1111  f(3)  +  h2(1)  =  0,  fß(3)  =1  22 
f"(3)  +  lih1'(1)  +f  (3)hi  (1)  +  /4(1)  _  ti  +  31ýý  (3.4.3) 
while  (3.3.15)  yields 
2(I1  -  1)  f'(Il)  +  2k  f  (Il)  +  414(1)  -  112(1)  =  0,  (3.4.4) 
where  the  constant  k  is  defined  by 
2k=4hi(1)-1.  (3.4.5) 
By  absorbing  the  constant  particular  solution  of  (3.4.4)  for  f(I,  )  times  111(13) 
into  /12(13),  we  may,  without  loss  of  generality,  set 
4112(1)  -112(1)  =  0.  (3.4.6) 
39 It  then  follows  that,  in  order  to  satisfy  (3.4.4)  and  (3.4.3  1,  f  (I,  )  must  have  the  form 
f(I1)  _-  2k(I1  -  1)-ti,  (3.4.7) 
from  which  the  values  of  f  (3),  f"(3)  may  be  read  off. 
From  (3.4.3),  (3.4.5)  and  (3.4.6)  we  then  have 
c  h2(1)  =  k, 
hz(1)  =: 
k, 
hä(1)-Lhi(1)=  h+3µ  -I  µk,  (3.4.8) 
in  terms  of  the  parameter  k. 
The  differential  equation  (3.3.6)  may  now  be  written  as 
k+l  2  -(k+l)  = 
v2T 
TT  (7)  =  fit  7(2  +  7) 
r2  . 
(3.4.9) 
It  is  easy  to  show  that  (3.3.7)  holds  for  all  ry  if  and  only  if 
k<-1  (3.4.10) 
while,  if  2k  +1>0  the  inequality  (3.3.7)  only  holds  for  72  <  2/(2k  +  1).  Here  we 
restrict  attention  to  values  of  k  satisfying  (3.4.10)  so  that  y  is  determined  uniquely 
as  a  function  of  r,  but  it  may  be  appropriate  -to  relax  this  constraint  in  order  to 
examine  shear  softening  effects.  Therefore,  pure  azimuthal  shear  is  applicable  only 
for  a  very  restricted  class  of  strain-energy  functions  in  the  form  (3.4.1),  which  may 
now  be  written 
11  2(Il  -  1)-k/il(I3)  +  Xk  2(13),  (3.4.11)  13) 
with  h1(1)  -1  and  equations  (3.4.8)  and  (3.4.10)  holding. 
In  what  follows  we  obtain  solutions  for  g(r)  from  (3.4.9)  with  -y  =  rg'(r)  for 
specific  values  of  k. 
40 Case(i):  /c  =  -1 
With  hi(1)  =0  this  case  yields 
TV(Il,  13)  _  vr2fc(Il  -  1)2  +  112(13),  (3.4.12) 
where 
112(1)  =  -2µ,  ha(1)  _  -i1  ii,  14(1)  = 
4t, 
+ 
ý4 
. 
(3.4.13) 
Equation  (3.4.9)  simplifies  to 
2 
Y(2.  }  y2)  2=v  (3.4.14) 
1,  a 
where  the  notation 
s=  (3.4.15) 
is  introduced  as  a  dimensionless  measure  of  the  shearing  stress  on  r=b. 
It  is  easily  shown  that  the  solution  of  (3.4.14)  for  g(r)  satisfying  the  boundary 
conditions  (3.1.4)  is 
jý  1 
g(r)  =  Lsin-1 
(res)  -  sin-1 
b 
2,2 
(3.4.16) 
V  -2- 
and  hence 
t/ý  =  g(b)  =I  [sin-'  (7js)  -  sin-1  s],  (3.4.17) 
where  71  =  b2/a2.  We  note  that  (3.4.17)  has  limited  validity  in  that  it  yields  a  real 
value  of  b  only  if  Isl  <  rq-',  and  hence  an  upper  bound  is  placed  on  the  permissible 
values  of  the  shearing  stress,  he 
17-1  <  V-2-y  (3.4.18) 
In  this  sense  the  strain-energy  function  (3.4.12)  has  limited  utility.  Numerical 
illustration  of  the  relationship  between  0  and  s  will  be  provided  below. 
41 Case(ii):  k=  -1 
In  this  case  we  have 
ijT(Il7  13)  = 
2fa(Il 
-  1)111(13)  +  112(13),  (3.4.19) 
with 
hi(1)  _-II  112(1)  =  -µ>  14(1)  =  -41  (3.4.20) 
ihi(1)  +  h(1)  = 
4h, 
+ 
12. 
(3.4.21) 
Equation  (3.4.9)  yields 
Ply 
v2=2 
(3.4.22) 
r 
and  the  solution  for  g(r)  satisfying  (3.1.4)  is  then  simply 
9(r)  _-  77  -22  (3.4.23) 
so  that 
g(b)  _  (77  -  1),  (3.4.24) 
s  again  being  defined  by  (3.4.15). 
Equation  (3.4.22)  is  precisely  the  result  obtained  in  the  incompressible  theory 
for  the  neo-Hookean  (or  Mooney-Rivlin)  form  of  strain-energy  function,  0  being 
linear  in  s.  Equation  (3.4.19)  is  a  compressible  version  of  the  neo-Hookean  strain- 
energy  for  plane  deformations.  The  solution  (3.4.23)  is  valid  for  any  functions  111(13), 
112(13)  satisfying  hi(l)  =1  and  the  conditions  (3.4.20)  and  (3.4.21).  For  plane 
deformations  (3.4.19)  includes  the  specialized  forms  of  strain-energy  functions  due  to 
42 Burgess  and  Levinson  (1971),  Blatz  and  Ko  (1962)  and  Agarwal  (1979)  which  were 
discussed  by  Haughton  (1993)  and  Polignone  and  Horgan  (1994)  for  the  problem 
under  consideration. 
Case(iii):  k=  -2 
Here  we  have 
=3  (Il  -  1)2  /11(13)  +  h2(I3),  (3.4.25)  iV(Il,  13) 
with  (3.4.7)  appropriately  specialized  as 
hi  (1)  _  -1  h2(1)  _  -tit,  14(1)  _  -Ifs'  23 
3phý(1)  +  h"(1)  = 
4h 
-{ 
ý4 
and  (3.4.9)  becomes 
2,2b2s 
7(2  }  ry)  z  -- 
r2  . 
(3.4.26) 
Equation  (3.4.26)  coupled  with  the  boundary  conditions  (3.1.4)  can  be  solved  to 
give 
g(r)  =  m(a)  -  ?  n(?  -)  +I 
(a 
tan-'  ýn 
J- 
tan-1 
f  ýn  ) 
(3.4.27) 
72  v27,  V2  L 
where  m(r)  is  defined  as 
I 
/  4b`1s2\  22 
m(r)  =I1+4  I-  1  (3.4.28) 
rj 
and 
g(b)  =  m(a)  -  m(b)  +  tan-1 
[m  ]- 
tan-1  [j.  n  )(3.4.29) 
43 Case(iv):  k=- 
For  this  case  we  have 
5 
iýT(Il,  13)  =3p  (Il  -  1)'  /tl(I3)  +  h2(I3)ý  (3.4.30) 
with 
hi(1)  =  -17  h2(1)  _  -34  µ,  hz(1)  _  3p, 
41-Chi(1)  +  1x2(1)  = 
4~ 
+ 
48  , 
and  equation  (3.4.9)  becomes 
z 
'y(2  +  72)-: 
=2 
r2 
. 
(3.4.31) 
The  required  solution  of  (3.4.31)  with  (3.1.4)  is 
g(r)  =v 
f2 
tan-1  n(r)  -  tan-'  n(a)  +1-1  (3.4.32) 
4  n(a)  n(r) 
where 
/22 
n(r)  =I1+ 
4r8 
b8s4  -1  /2 
, 
(3.4.33) 
and  then 
g(b)  = 
[tan_i 
n(b)  -  tan'  n(a)  +  (3434) 
()  72  (b)  1 
3.5  A  second  class  of  strain-energy  functions 
Here  we  consider  an  alternative  representation  for  the  strain-energy  function  14"  in 
terms  of  the  principal  invariants  i1,  i2,  i3  of  the  stretch  tensor  V=  B2 
. 
In  general, 
Il,  12,13  are  given  in  terms  of  il,  i2,  i3  by 
Il  =  i1  -  2i2,  I2  =  i2  -  2i1i3,  I3  =  i3.  (3.5.1) 
44 For  the  plane  deformation  considered  here  these  may  be  reduced  using  (3.2.1)  and, 
analogously  to  (3.2.1),  we  have 
i2  =  il  +  i3  -  1.  (3.5.2) 
Thus,  we  may  write 
Týr(11,13)  =F  7(zl,  i3),  (3.5.3) 
and  then  we  have 
T'1  =  2(ii  -  1)iýýi,  14  3=  -21V1  +  2i3i'V31 
Ilrii  =  2IVi  +  4(ii  -  1)2Iýrii,  Il7J3  =  4(ii  -  1)(-IV11  +  61,17  13)  , 
14133  =4  TV11 
- 
804713  +  4Z314733  +  214,73,  (3.5.4) 
where  1,1  p=  DWWV/Uip,  p=1,3  and  117  q=  ci21ý1r/DipDiq,  p,  q=1,3.  Therefore, 
T,  V  (ii,  i3)  must  satisfy 
W(3,1) 
=  0,  NTl(3,1)  _  1,1,  '3(3,1)  =  211 
, 
1iýiý(3,1)  +  21'173(3,1)  +  17733(3,1)  =h+ 
3E17 
(3.5.5) 
from  equation  (3.2.5). 
In  terms  of  117  the  condition  (3.3.15)  becomes 
1)  +  2T4T3(ii,  1)  -  11/(ii,  1)  =  0.  (3.5.6) 
Making  use  of  equations  (3.3.1)  and  (3.5.6),  1!,  '  can,  here,  be  expressed 
TAT(-y)  =  TV(1  +4+  ry2,1).  (3.5.7) 
This  prompts  consideration  of  the  class  of  strain-energy  functions  defined  by 
11ý  =f  (il)la1(i3)  +  %a2(i3)i  (3.5.8) 
45 in  parallel  with  (3.4.1).  Without  loss  of  generality  we  also  take  hl(1)  =  1.  Equation 
(3.5.5)  then  gives 
J(3)  +  h2  (1)  =  0)  J'(3) 
=  211,  f(3)/4(1)  +  h2(1)  _  -2k, 
P'(3)  +  4pji1'(1)  +f  (3)hß(1)  +  /z'2(1)  =h  -}-  3µ. 
(3.5.9) 
Equation  (3.5.6)  yields 
(ii  -  1)  fý(ii)  }kf  (il)  +  274  -  h2  =  0,  (3.5.10) 
where  k=2hi-1. 
Following  the  procedure  used  in  Section  3.4  we  set 
2hz  -  h2  =  0,  (3.5.11) 
and  obtain 
f(21)  _- 
ý2ý(zý 
-  1)-tip  (3.5.12) 
with 
til(l)  =  1,14(1)  = 
-(k 
+  1), 
42(1) 
_ 
411) 
412(1) 
= 
211 
-  hi(1)  1'2(1)  =w+ 
3/ý 
-  (k  -I-1)µ.  (3.5.13) 
Using  equation  (3.5.7)  the  equilibrium  equation  (3.3.6)  becomes 
p2ti+zß,  (4  +  72)-(k-+2)/2  -b  ý2  ' 
(3.5.14) 
and  (3.3.7)  is  satisfied  for  all  y  if  and  only  if 
k<  -11  (3.5.15) 
46 while  if  i+1>0  (3.3.7)  requires  y2  <  4/(k  +  1).  Therefore,  pure  azimuthal  shear 
is  applicable  only  for  a  very  restricted  form  of  strain-energy  function  in  the  form 
(3.4.1),  namely 
I,  V(il,  i3)  _  -4112k(il  -  1)-tilal(i3)  +l  2(i3),  (3.5.16) 
with  hl(1)  =1  and  equations  (3.5.13)  and  (3.5.15)  holding. 
If  k_  -1  then  (3.5.16)  becomes 
N7(il)  i3)  =  2µ(i1  -  1)Izl(i3)  +  112(13),  (3.5.17) 
with  (3.5.13)  appropriately  specialized,  and  (3.5.14)  reduces  to 
bz 
-y(4  +.  2)-2  =7  21 
where  s  is  again  defined  by  (3.4.17). 
Equation  (3.5.18)  is  solved  for  g(r)  using  -y  =  rg'(r)  to  give' 
g(r)  =  sin-' 
(ý'5 
-  sin-1 
y  2S 
, 
(3.5.19) 
vf 
-2- 
ý, 
f2_rz 
and  the  twist-shearing  stress  relationship  is  therefore 
cfý  -  g(b)  =  sin-1 
(Ts-) 
-  sin-1 
(ý) 
. 
(3.5.20) 
V-2  V  _2 
The  solution  (3.5.19)  is  equivalent  to  that  obtained  by  Haughton  (1993)  for  the 
compressible  Varga  form  of  strain-energy  function,  for  which  ill  (i3)  -  1. 
Equation  (3.5.19)  should  be  compared  with  (3.4.16)  arising  in  Case  (i)  in  Section 
4.  As  with  (3.4.16)  the  solution  (3.5.19)  is  restricted  to  a  finite  range  of  values  of  s, 
in  this  case  s<  vl-271-1. 
'Comparing  (3.5.19)  with  (3.4.16)  shows  that  (3.5.19)  may  be  obtained  from  (3.4.16)  by  making 
the  transformation  g  -4  g/vf-2,  s  -->  s/x/'2-  in  (3.4.16). 
47 If  k=  -2  equation  (3.5.14)  yields,  apart  from  differences  in  notation,  the  same 
solution  as  in  Case  (ii)  in  Section  4  and  (3.4.1)  and  (3.5.8)  represent  the  same 
(compressible  neo-Hookean)  form  of  strain-energy  function. 
Solutions  for  certain  other  values  of  k  may  also  be  obtained  explicitly.  It  suffices 
here  to  mention  briefly  two  such  solutions. 
For  _  -2  we  have 
f(i1)  =2  32µ 
(3.5.21) 
and  the  differential  equation  (3.5.14)  may  be  written 
2I  sb2 
Y(4  +  _y  )-T  -  r2  . 
(3.5.22) 
Comparison  of  (3.5.22)  with  (3.4.31)  shows  that  the  solution  of  (3.5.22)  may  be 
obtained  from  (3.4.32)  with  (3.4.33)  by  making  the  transformations  g  -->  gýý, 
s  -+  s//  in  those  equations.  Then,  we  have 
g(r)  =2 
[tan-i 
nl(r)  -  tan1  nl(a)  + 
nl(a)  nl(r)1 
(3.5.23) 
where 
I 
16181 
12 
ni(r) 
[(1+ 
y$sý 
I-1  /2  (3.5.24) 
and 
9(b)  =-  [tan-1 
ni(b)  -  tan-1  ni(a)  + 
n1(a) 
____I  , 
(3.5.25) 
Similarly,  for  k_  -3  we  have 
f  (ilý  _ 
ý/ý 
(3.5.26) 
48 and  (3.5.14)  becomes 
Isb2 
'Y(4  +  -y2)  2=227,,  2  . 
(3.5.27) 
Comparison  of  (3.5.27)  with  (3.4.26)  enables  the  solution  of  (3.5.27)  to  be  read 
off  from  (3.4.27)  with  (3.4.28)  again  by  using  the  transformations  g  -+  g//,  s  -+ 
s/1.  Thus, 
g(r)  _  , 
/-2-(ml(a) 
-  Hal(t))  +  tan-1 
Im)J 
-  tan-1 
f  m)  (3.5.28) 
where  ml(r)  is  defined  as 
ý 
ml(r)  =1+ 
2b  4S2)  2-1 
(3.5.29) 
71  4 
and 
g(b)  =Vr  2[n2l(a)  -  mi(b)]  +  tan-1 
[ml(b)1 
-tan-1 
m)  (3.5.30) 
More  generally,  the  transformations  k  -+  k/2,  y  -4  -y/  v/-9--,  7  -f  T/\  take  equa- 
tion  (3.4.9)  into  equation  (3.5.14),  thus  establishing  a  direct  relationship  between 
the  solutions  of  equations  (3.4.11)  and  (3.5.16)  for  all  k  in  the  range  of  values  under 
consideration. 
In  Sections  3.4  and  3.5  we  have  obtained  solutions  by  considering  two  distinct 
pairs  of  deformation  invariants,  namely  (in  plane  strain)  (Il,  13)  and  (il,  i3).  Further 
solutions  may  be  obtained  by  using  different  pairs  of  invariants  or  the  stretches,  A  j, 
A2  say,  with  A3  =  1.  Note  that  a  suitable  starting  point  is  to  recast  (3.3.15),  or 
equivalently  (3.5.6),  in  terms  of  the  stretches.  Thus,  we  may  write 
1'17(117  13)  =  w(.  \i,  A2,1),  (3.5.31) 
49 with  1\1A2  =  1.  Then  we  have  Il  =  )i  +  A2  +  1,13  =1  and 
wl  =  2A1I471  2A2TV3,  W2  =  2A2T471  +  2A11,1,  '3,  (3.5.32) 
where  wl  =  Dw/UA1,  W2  =  Ow/5a2.  It  follows  that 
)1W1  +  A2102  =  2(ßi  +  ý2)it7i  +  4IV3.  (3.5.33) 
This  leads  to 
Alc)  w  +X2C9w  -w=0,  (3.5.34) 
evaluated  for  Al  A2  =1  from  equation  (3.3.15). 
In  Figure  3.1  and  3.2  the  angle  of  twist  0  is  plotted  against  the  dimensionless 
azimuthal  shear  stress  s  (>  0)  applied  to  the  boundary  r=b  for  each  of  the 
solutions  obtained  in  Sections  3.4  and  3.5  in  order  to  compare  the  predictions  of 
the  different  strain-energy  functions.  Results  are  shown  for  a  relatively  thin-walled 
annulus  with  rj(=  b2/a2)  =  in  Figure  3.1.  and  for  a  relatively  thick-walled  annulus 
with  ri(=  b2/a2)  =4  in  Figure  3.2.  For  each  strain-energy  function  considered  we 
have  ds/dc/>  >  0,  which  is  consistent  with  the  assumption  (3.3.7),  while  it  can  be  seen 
that  des/d?  G2  is  either  positive,  negative  or  zero  for  all  s,  subject  to  the  restrictions 
Isl  <  rý-1(/rý-1)  for  k=  -2  (k  =  -1).  As  Figure  3.1  and  Figure  3.2  illustrate 
larger  values  of  q  admit  larger  angles  of  twist  for  a  given  value  of  s. 
3.6  The  incompressible  problem 
Results  for  incompressible  materials  may  be  deduced  from  those  for  pure  azimuthal 
shear  in  a  compressible  material  by  considering  the  incompressible  material  to  have 
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Figure  3.1:  Plot  of  the-angle  of  twist  ?i  against  the  dimensionless  shear  stress  s  for 
the  strain-energy  functions  with  k=  -23  -3,  -1,  -2  (a,  b)  c,  d  respectively)  and 
,  -27  -3  (a',  b',  c',  d'  respectively)  with  77  =  f.  k=  -l,  -3 
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Figure  3.2:  Plot  of  the  angle  of  twist  Vi  against  the  dimensionless  shear  stress  s  for 
the  strain-energy  functions  with  k=  -2,  -4,  -1,  -2  (a,  b,  c,  d  respectively)  and 
k=  -1,  -23  -2,  -3  (a',  b',  c',  d'  respectively)  with  71  =  4. 
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s strain-energy  function  (in  plane  strain),  w  say,  defined  by 
w(Il)  =  W(Ii,  1), 
where  147(h,  13)  is  defined  by  (3.2.2). 
Correspondingly,  in  terms  of  the  amount  of  shear  y,  we  define  w(ry)  by 
iü('y)  =  w(3  +  -y2). 
(3.6.1) 
(3.6.2) 
Then,  equation  (3.3.6),  which  serves  to  determine  y,  is  unchanged  but  now  writ- 
ten 
( 
b2T 
wýl  yý  _  T2 
(see  also  Ogden(1978,1984)). 
(3.6.3) 
For  an  incompressible  material  the  Cauchy  stress  tensor  T  in  (3.2.9)  is  replaced 
by 
T=  2w'(Il)B  -  pI,  (3.6.4) 
where  p  is  the  arbitrary  hydrostatic  pressure  associated  with  the  incompressibility 
constraint.  With  B=  AAT  calculated  from  (3.1.5)  for  r=R,  the  radial  equation 
of  equilibrium  may  be  written 
dT,, 
=  Tea  -  Trr  (3.6.5) 
The  role  of  this  equation  in  the  incompressible  theory  is  different  from  that  of  its 
counterpart  (3.3.2)  in  the  compressible  theory.  Equation  (3.6.5)  serves  to  determine 
T,.,.  (or,  equivalently,  p)  once  -y  is  found  using  (3.6.3). 
Solutions  of  equations  (3.6.3)  and  (3.6.5)  involve  no  restriction  on  the  form  of 
strain-energy  function  other  than  that  imposed  by  the  incompressibility  constraint 
53 and  the  inequality  (3.3.7).  But,  by  adapting  the  strain-energy  functions  discussed 
in  Sections  3.4  and  3.5  to  the  incompressible  situation  the  solution  obtained  there 
are  seen  to  be  equally  valid  for  incompressible  materials.  To  illustrate  this  point, 
we  take 
WýIl)  =  f(11)  -  f(3)  (3.6.6) 
with  f  (Il)  given  by  (3.4.7).  Hence 
IV  =k 
[1 
-  9k(2  +  y2)-ýý  (3.6.7) 
and 
µ9k+lY(2  +  rya)-(x+i)  = 
b2T 
(3.6.8) 
r2 
as  in  (3.4.9). 
Similarly,  in  view  of  the  connection  Il  =  il  -2i1  obtained  from  (3.5.1)  and  (3.5.2) 
with  i3  =  1,  we  may  consider 
w(il)  =  f(i1)  -  f(3)  (3.6.9) 
with  (3.5.12)  and  obtain 
w= 
411  [1 
-  2k(2  +  y2)-k/2]  (3.6.10) 
k 
Then  we  have 
w"'  _  p2ti+2,12+,  y2)-(T-+2)/2  - 
b2T 
(3.6.11) 
r2 
as  in  (3.5.14). 
The  solutions  given  in  Sections  3.4  and  3.5  for  specific  values  of  k  and  k  can 
now  be  applied  in  the  incompressible  situation  and  equation  (3.6.5)  may  be  used  to 
calculate  the  stress  distribution.  Details  are  not  given  here. 
54 It  is  of  interest  to  relate  the  present  work  to  that  of  Tao  el  al  (1992),  who 
considered  a  generalized  form  of  neo-Hookean  strain-energy  function  which  we  write 
here  as 
w(h)  2an 
{[1  +  a(h  -  3)]"  -  1},  (3.6.12) 
where  a  and  n  are  constants  and  µ  has  the  same  interpretation  in  (3.1.15).  In 
respect  of  (3.6.12)  equation  (3.6.3)  becomes 
b27 
TV  (`Y)  =  µy(1  +  ay2)ri-1  =  r2  . 
(3.6.13) 
Results  for  the  strain-energy  function  (3.6.12)  can  be  read  off  from  those  for 
(3.6.6),  for  which  (3.6.3)  becoms 
i  92  -(k+i)  = 
b2, 
w  (y)  =  /t2'+'^/(2  +) 
r2 
(3.6.14) 
by  making  the  transformations  k  -+  -n,  y  -ý  2a-y,  7  2a-y.  Specific  solutions 
were  obtained  in  Tao  el  al  (1992)  for  n=1.5,1,0.75,0.5,  and  these  correspond  to 
the  four  values  of  k  considered  in  Section  4. 
The  approach  adopted  here  of  deducing  results  for  incompressible  materials  from 
solutions  for  isochoric  deformations  in  compressible  materials  clearly  has  wider  ap- 
plicability  than  for  the  azimutal  shear  problem  considered  here.  The  method  enables 
specific  strain-energy  functions  for  which  solutions  can  be  found  to  be  identified. 
55 Chapter  4 
Bending  deformation  of  a 
rectangular  block 
4.1  Preliminaries 
We  consider  the  finite  bending  deformation  of  an  isotropic  compressible  nonlinearly 
elastic  rectangular  block  defined  by 
-A«'1<A,  -B<X2<B,  -C<X3<C  (4.1.1) 
in  some  unstressed  reference  configuration,  where  (X1,  X2,  X3)  are  rectangular 
Cartestian  coordinates.  We  suppose  that  the  block  is  deformed  into  a  sector  of 
a  circular  cylindrical  tube,  and  the  deformation  is  assumed  to  be  symmetric  about 
the  X1-axis  and  defined  by 
r=  f(Xi),  O=  9(ß'z),  z=  AX3,  (4.1.2) 
where  )  is  a  constant,  (r,  0,  z)  are  cylindrical  polar  coordinates  associated  with  the 
deformed  configuration,  and  g(-X2)  _  -g(X2) 
56 Since  the  deformation  may  be  achieved  by  subjecting  the  outer  surface  to  a 
prescribed  bending  displacement  we  may  write 
.f 
(A)  = 
9(-B)  =  -v,  g(B)  =  0,  (4.1.3) 
where  a,  b  and  b  are  constants  and  b>a.  We  take  (4.1.3)  as  the  boundary  conditions 
for  the  deformation  (4.1.2)  in  this  thesis. 
Referred  to  a  reference  rectangular  Cartesian  basis  JE  j}  and  a  current  cylindrical 
polar  basis  {er,  e9,  e,  z},  the  deformation  gradient  tensor  A  has  components 
f'  00 
A=0  fg'  0'  (4.1.4) 
00A 
where  the  primes  attached  to  f  and  g  indicate  differentiation  with  respect  to  X1 
and  X2  respectively. 
Noting  equation  (2.1.9),  the  deformation  gradient  can  be  represented  uniquely 
in  polar  decomposed  form,  so  that 
A=U,  R=I  (4.1.5) 
and  the  principal  stretches  are  therefore  given  by 
Al 
= 
f'(X1),  A2 
=J 
(X1)J  (X2))  A3  =  A.  (4.1.6) 
Let  ti  i),  t2  I),  t3')  denote  the  principal  values  of  the  Biot  stress  T'1'  defined  by 
(2.1.29).  Using  equation  (2.1.30)  we  may  write  the  nominal  stress  as 
s=  til)  E1  0  er 
+  t21)  E2  ®  e©  +  t31)  E3  0  eZ7  (4.1.7) 
57 where 
er  =  cos  O  E1  +  sin  O  E2,  ee  =-  sin  O  E1  +  cos  ©E2i  e,  =E3  , 
(4.1.8) 
With  0=  9(X2)- 
On  substitution  of  (4.1.7)  with  (4.1.8)  into  (2.1.37),  the  equilibrium  equation 
(2.1.37)  in  the  absence  of  body  forces  reduces  to  the  two  scalar  equations 
i  ll 
-  121)9  (X2) 
_ 
0, 
a 
ax, 
at21)  =0.  ` 
(see,  for  example,  Ogden  1984). 
Noting  that  Al  is  independent  of  X2,  we  see  from  (4.1.10)  that 
Otýý  t 
2(l1  f(Xi)9"(X2) 
=  0. 
(4.1.9) 
(4.1.10) 
To  avoid  trivial  cases,  we  make  the  assumption  that  f  (X1)  0  and  Dt(')/UA2  0. 
It  follows  that  g"(X2)  =  0,  which  leads  to 
g(X2)  =  kX2>  (4.1.11) 
where  k  is  a  constant  of  integration,  so  that  the  equation  (4.1.10)  holds  automati- 
cally. 
Therefore,  the  principal  stretches  can  be  rewritten  as 
Al  =  f'(X  1),  A2=  kf(XI),  A3=  A.  (4.1.12) 
From  equations  (4.1.11)  and  (4.1.9)  respectively  we  deduce  that 
A(  2=  ka1, 
a,  1 
=  kt2ý.  (4.1.13) 
58 4.2  Equilibrium  equation  in  terms  of  the  strain- 
energy  function 
In  this  section  we  consider  the  strain-energy  function  per  unit  reference  volume  of 
a  compressible  isotropic  elastic  material,  which  is  given  by 
i'V  =  T'VV(U)  =  I17(a02,  A3),  (4.2.1) 
where  the  function  j47  must  satisfy  the  conditions  (2.1.49),  (2.1.53),  (2.1.54)  and 
(2.1.55) 
Recalling  equations  (4.1.12), 
-ý1, 
)  are  functions  of  X1  only,  and  A3  is  a  constant. 
It  follows  that  the  strain-energy  function  147  may  be  expressed  as  a  function  of  X1. 
From  equation  (2.1.50)  we  have  ti(e)  =  c9T'V/DD.  \=,  and  equation  (4.1.9)  with  (4.1.11 
therefore  leads  to 
d  1471 
-  kI-Ir2  =  0, 
dß'1 
(4.2.2) 
where  14 
t= 
UI4T/8A=.  Then  we  have  the  result  that  a  rectangular  block  of  ho- 
mogeneous  compressible  isotropic  hyperelastic  material  with  strain-energy  function 
TAT  =  W(A1,  A2,  A3)  can  undergo  a  deformation  of  the  form  (4.1.2)  with  (4'.  1.11)  if 
and  only  if  the  equation 
1'17  (Xi)_A1(Xi)1,171(XI)  (4.2.3) 
holds,  where  W1  =  üiýT/vial.  We  now  establish  the  results  (4.2.3). 
Since  147  =  W(A1)  )2,  A3)  depends  on  X1  only,  it  may  be  differentiated  to  give 
dIV 
dý'  =  N,  7i*  dX  +It,  2  dX2  . 
(4.2.4) 
iii 
59 From  equation  (4.1.13)  we  have 
_ 
dA2 
kal  -  dXl 
Then,  equation  (4.2.4)  reduces  to 
(4.2.5) 
di'V  dal 
dX  =  1V7, 
dA, 
+  kAl  T'V2.  (4.2.6) 
i 
As  we  know,  the  deformation  (4.1.2)  with  (4.1.11)  is  possible  if  and  only  if  there 
is  af  (X1)  to  ensure  that  equation  (4.2.2)  holds.  Assuming  such  a  function  f  (XI  ) 
satisfying  equation  (4.2.2)  exists,  the  latter  equation  may  be  rewritten 
1  i72  _1 
dYYI 
(4.2.7) 
k  dß'1 
Substituting  (4.2.7)  into  (4.2.6)  then  leads  to 
dl'V 
_  Idal  c/TV1 
dX, 
I1 
dß'1  +  ý1 
dß'1. 
(4.2.8) 
Using  equation  (2.1.53)  and  (2.1.54)  we  may  integrate  (4.2.8)  wth  respect  to  Xl  to 
obtain  condition  (4.2.3). 
Alternatively,  assuming  equation  (4.2.3)  holds,  it  follows  on  differentiation  that 
equation  (4.2.8)  holds.  Using  (4.2.5)  we  may  compare  equation  (4.2.8)  with  equation 
(4.2.6)  to  obtain  equation  (4.2.2).  Hence,  the  necessary  and  sufficient  condition  that 
the  solution  of  equation  (4.2.2)  exists  must  be  that  equation  (4.2.3)  holds.  Equation 
(4.2.3)  provides  a  way  for  us  to  derive  solutions  by  solving  a  first-order  nonlinear 
ordinary  differential  equation  for  al  or  . t2  and  is  a  first  integral  of  the  equilibrium 
equation 
Equation  (4.2.3)  may  be  re-expressed  in  a  number  of  different  forms.  For  exam- 
ple,  it  can  be  rewritten  as 
j,  jý  _  A,  t( 
1l)  (4.2.9) 
60 For  incompressible  materials,  we  have  A1)2)3  =  1,  and 
t1 
(7i11 
-  PA1 
1,  t21) 
C2 
P21 
where  p  is  an  arbitrary  hydrostatic  pressure.  Since  equations  (4.1.9),  (4.1.11)  and 
(4.1.13)  hold,  we  then  have 
d_lt(l) 
_ 
dAl  (1ý  dt(l) 
dXl  dklt1 
+AldX, 
[d\1 
t(l) 
d)12 
t(1) 
L1+  dý'1  2 
allIr 
-1  ý  _ 
%11(A1 
-  pA1  )+  A2(ýA2 
-  pA2  ) 
=.  (4.2.10) 
clý,  l 
Thus,  equation  (4.2.9)  applies  for  either  compressible  or  incompressible  materials. 
An  equivalent  equation  based  on  the  principal  invariants  Ii,  12,13  given  by 
(2.1.17)  may  be  expressed  in  terms  of  the  strain-energy  function 
H7=TV(hý'2,13),  (4.2.11) 
where  W  should  satisfy  (2.1.60)  and  (2.1.61).  The  condition  (4.2.3)  then  becomes 
1ß7(X1)=2fj2(Xl)  [1WWl(x1)+(k2  f2(Xi)+)2)TV72(X,  )+k2A2  f2(Xl)T,  73(Xl)],  (4.2.12) 
where  111p,  p=1,2,3,  indicates  differentiation  with  respect  to  Ip  evaluated  for 
Il  = 
fj2+k2f2+A2, 
12  =  A2  f'2  +  )2Ic2  f2  +  k2  f2  f/2,  (4.2.13) 
13=  \2k2f2fj2" 
Similarly,  if  we  regard  H  as  a  function  of  the  principal  invariants  il,  i2,  i3  defined 
by  (2.1.16),  then  we  write 
i'ýý  =  1'17(Z'17  i2,23),  (4.2.14) 
61 where  (2.1.57)  and  (2.1.58)  hold.  The  condition  (4.2.3)  can  then  be  rewritten  as 
117(X1)  =  f'(X,  )  [1  T1(x,  )  +  (kf(X1)  +  A)TiT2(X1)  +k  f(X1)1473(X1)]  ,  (4.2.15) 
evaluated  for 
il  =  . 
f'  +  k.  f  +  a, 
12  =  ￿\f'  +  Akf  +  ijj',  (4.2.16) 
i3 
= 
Akf  f', 
where  the  subscripts  denote  derivatives  with  respect  to  il,  i2,  i3. 
Equations  (4.2.12)  and  (4.2.15)  can  also  be  simplified  in  the  case  A=1.  The 
deformation  (4.1.2)  with  (4.1.11)  is  given  by 
r=  f(Xi),  O=kX2,  z=X3.  (4.2.17) 
For  A=1  equations  (4.2.13)  simplify  to 
Il 
= 
fj2+k2f2+1, 
I2  = 
f42  +  k2  f2  +  k2  f2  f'2,  (4.2.18) 
13  = 
k2  f2  fj2 
It  follows  immediately,  just  as  for  the  azimuthal  shear  problem  discussed  in  Chapter 
3,  that 
I2=Il  +I3-1.  (4.2.19) 
The  strain  energy  IV  =W  (h,  12,  I3)  per  unit  reference  volume  of  a  compressible 
isotropic  elastic  material  may  then  be  regarded  as  a  function  of  two  invariants,  and 
we  define  WV(h,  13)  by 
j'  (11,13) 
_ 
1'17(I1,  Il  +  13  -  1,13), 
(4.2.20) 
62 as  in  (3.2.2).  In  this  case,  W(I1,13) 
must  satisfy  (3.2.5)  and  equation  (4.2.12)  can 
be  simplified  to 
i17(ýX'1)  =2  fý2(Xl)i47l(ý'1)  +  2I3(ý'1)1V3(Xi),  (4.2.21) 
where  the  subscripts  denote  derivatives  with  respect  to  Il,  13. 
Analogously,  for  A=1  equations  (4.2.16)  yield 
z2=1l+13-1.  (4.2.22) 
Equation  (4.2.22)  holds  not  only  for  the  deformation  (4.2.17)  but  for  every  plane 
strain  deformation.  With  the  restriction  to  plane  strain  only  two  of  the  invariants 
il,  i2i  i3  are  independent,  and  the  strain  energy  147  =T  T(il,  i2)  i3)  per  unit  refer- 
ence  volume  of  a  compressible  isotropic  elastic  material  may  then  be  regarded  as  a 
function  of  two  invariants.  Accordingly,  we  define  I'V(il,  i3)  by 
IýTýZ11  23)  =  j'ýT(211  il  +  13  -1  1  13,  (4.2.23) 
where  ih  should  satisfy  (3.5.5).  Equation  (4.2.16)  may  then  be  expressed  as 
T  '(X1)  = 
f'(Xl)W1(X1)  +  i3(Xl)W3(Xl),  (4.2.24) 
where  the  subscripts  denote  derivatives  with  respect  to  il,  i3. 
The  relationship  between  il,  i3  and  A,,  \2  may  be  inverted  to  give  A1,  A2  uniquely 
as  functions  of  il,  i3.  We  write  this  in  the  form 
ii-1  +(2 
)2 
-  23 
ý1  = 
2 
:-  (i2  12 
J- 
i3 
when  Al  >  A2, 
when  Al  =  A2, 
when  Al  <  A2, 
(4.2.25) 
63 and 
2- 
(J)  2-  i3  when  Al  >  A2) 
A2  =  when  Al  =  A2,  (4.2.26) 
22 
(i  2  i3  when  Al  <  . ý2. 
Equation  (4.2.24)  can  then  be  rewritten  as 
+F-  i3  1171  +  i3W3  when  Al  >  A2, 
= 21 
- 
21ý  2-  i3 
J 
Ii7  i+  i3i473  when  Al  <  A2.  C 
4.3  Isochoric  deformation 
In  this  section  we  consider  the  deformation  to  be  isochoric,  so  that 
A1A2A  =  1.  (4.3.1) 
For  simplicity,  we  take  A=1  here.  Equation  (4.3.1)  then  gives 
kff'=1.  (4.3.2) 
Equation  (4.3.2)  can  be  integrated  to  give 
2X, 
+  c,  g=kX2,  (4.3.3) 
where 
k= 
0, 
b2=  a2  + 
4AB, 
C= 
I 
(a2  +b  2).  (4.3.4) 
At  this  point  a  general  strain-energy  function  can  be  considered,  and  we  set 
q(Ai)  =  YV(Al,  Al  1,1).  Using  (2.1.53),  we  require  q(1)  =  0,  and  furthermore,  for 
compatibility  with  the  classical  theory,  we  must  have  IL  (1)  =  0,  d-s(1) 
=  4Et. 
64 Since  dAl/dX1  =  f"(X1)  0,  Al  can  be  used  as  the  independent  variable  in  place  of 
X1.  Therefore,  the  different  cases  of  the  condition  (4.2.3),  (4.2.9),  (4.2.12),  (4.2.15), 
(4.2.21),  (4.2.24)  and  (4.2.27)  can  be  expressed  as  equations  with  respect  to  Al  for 
isochoric  bending  of  a  block.  Here  we  consider  q(A)  =  T!  r(A1  +  Ai'  +  1,1),  and  the 
condition  (4.2.24)  leads  to 
T'IT(Al  +  A,  1+  1)  1)  =  A11172(A1  +  Ai-'  +  1,1)  +  I,  1,13(A1  +  A-,  1  +  1,1),  (4.3.5) 
where  the  subscrips  of  M  denote  derivatives  with  respect  to  il,  i2.  Differentiating 
this  with  respect  to  A,,  we  obtain 
(a1  -  1)(Alli711  +1  713)  +  14  71  0.  (4.3.6) 
But,  in  the  reference  configuration,  we  must  have 
T'  (3,1)  =  2/,  (4.3.7) 
from  (3.5.5).  Hence,  in  the  limit  )  -+  1,  equation  (4.3.6)  implies  that  either  A1  T4711  + 
14713  -  oo  or  µ=0  which  is  not  sensible.  We  have,  therefore,  only  one  choice, 
namely  that  All!,  ',,  +T3  oo,  which  means  that  the  bulk  modulus  n  -+  oo,  and 
the  material  must  be  incompressible.  We  therefore  have  the  interesting  conclusion 
that  the  considered  isochoric  bending  of  a  block  is  only  possible  for  an  incompressible 
material. 
4.4  Examples 
In  this  section  we  discuss  several  examples  of  non-isochoric  compressible  materials 
by  using  the  conditions  given  in  Section  4.2. 
65 4.4.1  A  special  Blatz-Ko  material 
The  strain-energy  function  proposed  by  Blatz  and  Ko  (1962)  is 
1  12  (13 
TV 
2it 
+  2I3  -  5)  . 
(4.4.1) 
For  A=1  it  may  be  simplified  to 
IV=2µ(j3-I-  +2II  -4)  (4.4.2) 
on  elimination  of  12  using  (4.2.19). 
In  this  case  it  follows  from  (4.2.21)  that 
f  j2  +  3k2  f2-  4k2  f2f  j2  =  0,  (4.4.3) 
which  leads  to 
(  clf 
2=  3k2  f2 
(4.4.4) 
dß'1)  4k2  f2-1 
This  equation  was  given  by  Carroll  and  Horgan  (1990).  Using  the  boundary 
condition  (4.1.3),  the  solution  for  f  (Xi)  is  given  implicitly  by 
4k2  f  2(X,  )  -1-  arctan 
.  4k  2f2(X1)  -1=  v/  3k(X1  +  dl),  (4.4.5) 
where  the  constant  dl  is  defined  by 
dl  =1[  4k2a2  -1+  4k2b2  -1- 
(arctan  4k2a2  -1+  arctan  4k2b2  -  1)] 
2  vF3-k 
We  note  here  that  the  solution  is  only  valid  for  the  boundary  data  a,  b,  0  satisfying 
2/kA  =  4k2b2  -1-  4k2a2  -1- 
(arctan  4k2b2  -1-  arctan  4k2a2  -  1) 
, 
where  k=  sb/B. 
Next,  we  consider  some  special  strain-energy  functions  from  the  three  classes  of 
strain-energy  function  discussed  by  Carroll  (1988). 
66 4.4.2  Harmonic  materials 
In  general,  a  harmonic  material  has  strain-energy  function 
1t7(il,  i2,  i3)  =  F(il)  +  c2(i2  -  3)  +  c3(i3  -  1),  (4.4.6) 
where  F  is  a  function  of  il,  c2  and  c3  are  constants,  and  for  consistency  with  (2.1.57) 
and  (2.1.58),  we  must  have 
F(3)  =  0,  c2  +  c3  =  -211, 
F'(3)  =  2µ  -  c2i  F"(3)  =h+  34  11.  (4.4.7) 
In  this  case  condition  (4.2.15  yields 
F(ii)  -  A,  F'(il)  +  c2A2A  -  3c2  -  c3  =  0,  (4.4.8) 
where  P'(il)  =  dF(il)/dil.  Differentiation  of  (4.4.8)  with  respect  to  X,  yields 
dr'(ii) 
-  kF'(ii)  -  c2kA  =  0,  (4.4.9) 
dxl 
which  integrates  to  give 
-c2A  +  aekX',  (4.4.10) 
where  a  is  a  constant  of  integration.  If,  additionally,  F"(il)  >0  equation  (4.4.10) 
may  be  inverted  to  give  il  uniquely  as  a  function  of  Xi  since  the  right-hand  side  of 
(4.4.10)  is  a  monotonic  function  of  X1,  and  we  may  write 
il  =  (F')-1  (-c2.  ß  +  aekX')  -S(ß'1),  (4.4.11) 
where  -1  means  inverse. 
Furthermore,  equation  (4.2.13  1  yields 
kf(X1)  +A=  S(ß'1),  (4.4.12) 
67 and  integration  of  which  gives 
f  (X1ý  =  e-ti  11  /1  (S(x)  -  A)ekxdx  +ße_1,  (4.4.13 
where  ß  is  a  constant.  A  similar  result  was  obtained  by  Ogden  (1984)  for  the 
strain-energy  function  given  by 
I'V(Il)  I27  13)  =  F(I1)  +  c2(I2  -  3)  +  c3(I3  -  1). 
In  what  follows  we  obtain  solutions  for  f  (X1)  from  (4.4.13)  for  special  forms  of 
F(il).  For  example.  We  consider  1,17  given  by 
1,17(i1,  i2,  i3)  =  lt[(il  -  3)2  +  2(i2  -  3)  -  4(i3  -  1)],  (4.4.14) 
and  rz  =  2µ/3  from  equation  (4.4.7). 
In  respect  of  (4.4.14),  equation  (4.4.8)  yields 
f'(ß'1)2  -  (k  f  (X1)  +  2A  -  3)2  +  3A2  -  6A  +2=0.  (4.4.15) 
The  solution  of  f  (X1)  is  given  by 
f(X1)  =1 
le  kXl+d2  +(2-  3A  +  1)  e-(  1+a2)  -2A+3]  , 
(4.4.16) 
2k  2 
where  the  constant  d2  is 
d2=kA+in[ka+2A  -3+  k2a2+2(2A-3)ka+A2-6A+7], 
and  the  boundary  data  a,  b,  0  should  satisfy 
zka 
kb  +  2A  -3+J  k2b2  +2(2A  -  3)kb  -f-  )2  -  G\  +7 
e=  (4.4.17) 
ka+2A  -3  +  kk2a2-F2(2A-3)ka+  a2-  Ga  +7 
where  k=  0/B. 
68 We  may  obtain  special  solution  for  f  (Xi)  for  certain  values  of  A.  For  example, 
set 
3A2-6\+2=0, 
and  then  A  1,2  =1±  In  the  case  A=1+,  equation  (4.4.15)  becomes 
f'(ß"1)  -k  f(X1)  +1-  73  =  o.  X4.4.18) 
The  solution  with  the  boundary  condition  (4.1.3)  is 
ekXl  12 
f(Xi)=  -}  -  1- 
, 
(4.4.19) 
k  (ka  -1+  2/-vF3)(kb  -1  +  2//)  k 
where  a,  b,  0  are  limited  by 
2 
kb-  1+ 
\ka 
-1+  V-3- 
) 
e2kA 
4.4.3  Varga  materials 
In  this  case,  the  material  is  given  by 
T  7(il, 
22  i 
i3)  =  cl(il  - 
3)  +  c2(i2  - 
3)  +  H(i3),  (4.4.20) 
where  H  is  a  function  of  i3,  cl  and  c2  are  constants.  To  ensure  that  equations 
(2.1.57)  and  (2.1.58)  are  satisfied,  we  must  have 
H(1)  =  0,  cl  +  c2  =  21t, 
H'(1)  _  -2ft  -  c21  H"(1)  =h+ 
411. 
(4.4.21) 
Condition  (4.2.15)  then  leads  to 
H(i3)  -  III(i3)i3  +  (CI  +  c2,  X))2  +  c1A  -  3c1  -  3c2  =  0,  (4.4.22) 
69 where  H'(i3)  =  dH(i3)/di3.  Differentiation  of  (4.4.22)  with  respect  to  Xl  yields 
\f  (Xi) 
d'H(i3) 
=  Cl  +  c2.  ß  (4.4.23) 
dXl  ' 
and  then 
Cl  +  C2A  [dH'(i3)1 
-1 
f  (X1)  -  dXl 
(4.4.24) 
Here  we  consider 
T,  17  (il,  i2,  i3)  =  µ[4(i1  -  3),  -  2(22-3)+  (i3  -  1)2],  (4.4.25 
and  equation  (4.4.21)  gives  again  rti  =  app. 
Equation  (4.4.22)  reduces  to 
-k2f'(ß'1)2  f2(X1)  +  2(2  -  a)kf(X1)  +4)  -5=0.  (4.4.26) 
The  solution  of  equation  (4.4.26)  with  the  boundary  condition  (4.1.3)  is  given  by 
I 
y3  -  (4A  -  5)y  = 
?  (A  --  2)2 
kX,  +  (13,  (4.4.27) 
where 
ý=  2(2-\)kf(X,  )-5+4\,  (4.4.28) 
and  d3  is  defined  by 
d3  =3  2(2-A)ka-5+4x[(2-A)ka-  4A  +5] 
+3  2(2  -  A)kb  -5  +  4A[(2  -  A)kb  +  -4A  +  5], 
and  a,  b,  0  should  satisfy 
6(A  -  2)2 
LA  =  2(2  -  A)kb  -5+  4A[(2  -  A)kb  -  4A  +  5]  (4.4.29) 
70 2(2-A)ka-5+4\[(2-A)ka-4\+5], 
where  k=  0/B. 
When  we  take  A=  5/4,  the  solution  has  the  form 
3 
f(ßi) 
5  ý, 
Xl  +2  (a2  +b2ý  , 
(4.4.30) 
where  a,  b,  0  satisfies 
6vf6- 
5 
A=v(b2-a2ý. 
If  we  set  A=2,  we  have  a  solution  for  f  (Xi) 
f  (ýý1) 
_6X-1+ 
b2  +  a2, 
where  a,  b,  0  must  have 
b2  -  a2  = 
1? 
k 
4.4.4  Carroll's  Class  111  materials 
The  third  class  of  materials  considered  by  Carroll  has  strain-energy  function  ITV 
given  by 
1'l7(ii,  i2,  i3)  =  cl(il  -  3)  +  G(i2)  +  c3(i3  -  1),  (4.4.31) 
where  G  is  a  function  of  i2,  cl  and  c3  are  constants,  which,  for  consistency  with 
equations  (2.1.57)  and  (2.1.58),  should  satisfy 
G(3)=0,  cl-c3=4µ, 
G'(3)  _  _(c3  +  2M),  G"(3)  =  41  h+  31  µ.  (4.4.32) 
On  substitution  of  (4.4.31)  into  (4.2.15),  we  obtain 
G(i2)  -  (A1A2  +  ai,  \)G'(i2)  +  cl(A2  +  A)  -  (3c1  +  c3)  =  0.  (4.4.33) 
71 Differentiation  of  (4.4.33)  respect  to  X1  yields 
(A  +  kf  (X1)) 
dGr(i2+ 
kAG,  (i2)  +  c2k  =  0,  (4.4.34) 
dX, 
and  then 
rdG  i2) 
-  4.4.35  c2)  L 
dXl  k' 
() 
Now  we  consider  the  special  case  when  the  strain-energy  function  is  given  by 
)2  T  7ii,  i2i  i3)  =  fc[2(il  -  3)  +  (i2  -3-  2(i3  -  1)],  (4.4.36) 
which  corresponds  to  h=  2Oµ/3.  The  general  solution  for  f  (X1)  in  this  case  is  very 
complicated,  and  we  do  not  give  the  details  here.  For  example,  we  may  set 
2\3-5A2+6A-1=0. 
Equation  (4.4.33)  then  reduces  to 
A2 
2- 
f'(X1)2(kf(X,  )  +  A)2  =  0.  (4.4.37) 
, 
\2  kf(x1)  +1J  C 
Using  the  boundary  condition  (4.1.3),  the  solution  is  given  implicitly  by 
(X1)  +1 
\23A 
I)  =  kAX1  +  d4,  (4.4.38)  kf  (X1)  +a-1 
-2 
AI 
In 
(1k! 
jl  /J 
where  d4  is  defined  by 
1  A3-+  -3A  -1  -3AJ  1-3A 
d4  =  2k(a  -F  b)  -}-  2A2 
In  ka  + 
A2 
ftb+ 
A2 
The  solution  is  only  valid  for  a,  b,  0  satisfying 
2kAA-  k(b-a)-}- 
A3+3A-  11n  jkbA2+l  -3AI 
A2  l  ka,  \2  +I-  3aß' 
where  k=  0/B. 
72 Chapter  5 
Axial  shear  of  a  circular 
cylindrical  tube 
5.1  Axial  shear  and  the  governing  equations 
We  consider  a  thick-walled  right  circular  cylindrical  tube  of  homogeneous  compress- 
ible  isotropic  nonlinearly  elastic  material  which,  in  its  (undeformed,  stress-free)  nat- 
Ural  configuration,  is  defined  by 
A<R<B,  0<0<27-,,  0  <Z<L, 
where  (R,  0,  Z)  are  cylindrical  polar  coordinates.  The  axial  shear  deformation  of 
the  right  circular  cylindrical  tube  is  defined  by 
r=  g(R),  0=0,  z=Z+  w(R),  (5.1.1) 
where  (r,  0,  z)  denote  cylindrical  polar  coordinates  associated  with  the  deformed 
configuration,  g(R)  describes  the  radial  deformation  and  w(R)  denotes  the  axial 
73 displacement.  For  the  special  case  in  which  g(R)  =  IZ  there  is  no  radial  displacement 
and  the  deformation  is  referred  to  as  pure  axial  shear. 
Referred  to  unit  basis  vectors  (En,  Ee,  Ez)  and  (er,  eo,  e,  z)  associated  respec- 
tively  with  coordinates  (R,  0,  Z)  and  (r,  0,  z)  the  deformation  gradient  tensor,  de- 
noted  A,  may  be  written 
A=9  (R)er  ®  ER  +1  g(R)eo  0  E®  +  w'(R)ez  0  ER  +  ez  0  EZ,  (5.1.2) 
where  the  prime  denotes  differentiation  with  respect  to  R  and  detA  =  g(R)g'(R)/R. 
See,  for  example,  Ogden  (1984). 
Let  u(l)  ,  u(2),  u(3)  be  the  unit  Lagrangian  principal  axes  associated  with  this 
deformation,  that  is  the  principal  axes  of  ATA.  Then,  we  may  express  u(1),  u(2),  u(3) 
in  terms  of  the  vectors  (ER,  Eo,  Ez)  in  the  form 
u(1)  =  cos  &ER  +  sin  %Ez,  U(2)  =  Ea,  u(3)  =-  sin  bER  +  cos  OEZ,  (5.1.3) 
where  0  defines  the  orientation  of  the  axes  u(1)  and  u(3)  in  the  plane  of  ER  and  Ez. 
Next,  we  note  that  the  polar  decomposition  (2.1.9)  of  A  defines  a  unique  rotation 
tensor  R  and  a  unique  positive  definite  symmetric  (right)  stretch  tensor,  which  may 
used  to  give 
ATA  =  U2,  (5.1.4) 
where  the  spectral  decomposition  of  U  is  given  by  (2.1.12). 
Then,  substitution  of  (5.1.3)  and  (2.1.12)  into  equation  (5.1.4)  shows  that  the 
principal  stretches  A,  and  A3  satify  the  connections 
A1  cosz  0+  a3  sin2  _  (I?  )2  -I  WI(R)2,  (5.1.5) 
74 Ai  sing0+.  13costV)  =  1, 
(.  l1  -  A3)  sin  0  cos 
from  which  it  may  be  deduced  that 
A1,  ý3 
--  9'(R), 
while  from  detA  =  )1A2A3,  it  then  follows  that  A2  is  given  by 
ýa  =1  g(R). 
From  equations  (5.1.5-(5.1.6)  we  obtain 
A2  2+  A3 
-w 
(R)2  +g  (R)2  +  1. 
and  then,  using  (5.1.5)-(5.1.7)  with  (5.1.10),  we  have 
I-  A 
z3  sin  A2 
_AV  13 
-1  iii 
COS 
2 
?  [I 
=  A2 
_A27  13 
sin  0  cos  Y(J  = 
A2 
- 
A2 
l3 
(5.1.6) 
(5.1.7) 
(5.1.8) 
(5.1.9) 
(5.1.10) 
(5.1.11) 
For  an  isotropic  elastic  material  the  constitutive  law  is  expressed  in  terms  of 
the  strain-energy  function  IW7(A1,  A2,  )3)  per  unit  reference  volume,  where  IT'  should 
satisfy  equations  (2.1.49)  and  (2.1.53)-(2.1.55). 
On  use  of  (2.1.50)  we  denote  the  principal  Biot  stresses  as 
alv  ti  _  aA_ 
E  {l, 
, 
2,3},  (5.1.12) 
and  the  expression  for  R  may  be  obtained  from  (2.1.9)  in  the  form  R=  AU-1 
together  with  (5.1.3)  and  the  inverse  of  (2.1.12).  Thus, 
R=  (A  1J  (R)  cos  Oer+)  lw'(R)  cos  bez+ai-1  sin  be,  )  0  u(1)+ 
I 
A21g(R)e©  ®  u(2) 
-ý  (-A  'g  (R)  sin  be,  -  A31w'(R)  sin  'ez  +  )131  cos  Oe,  )  0  u(3).  (5.1.13 
75 An  expression  for  the  nominal  stress  tensor  S  is  then  deduced  from  (2.1.28)  and 
after  some  manipulations  using  (5.1.8),  (5.1.11)  and  (5.1.3)  we  find  that  the  non- 
vanishing  components  of  S  referred  to  the  two  sets  of  cylindrical  polar  coordinates 
are  given  by 
ýlt(jl) 
- 
A341) 
8Rr  A1A3 
22 
Al 
ý3 
11 
SRz 
A1tý2 
- 
i12t3 
w 
'(R),  SOB 
=  t21) 
Al  2 
, 
ý3t(1) 
- 
%11t31) 
A2  A2 
1-3 
SZr  = 
, 
\i 
- 
A3 
Alt(il) 
- 
ý3t31)  %13t(1) 
- 
Alt31) 
SZz  -2-2-  A1A3 
22  A1  ý3  Al 
- 
ý3 
where,  in  terms  of  the  principal  stretches, 
w'(R)2  =  (A2  -  1)(1  -  a3). 
(5.1.16) 
(5.1.1  7) 
For  the  problem  at  hand'  the  equilibrium  equations  (2.1.38)  in  the  absence  of 
body  forces  reduce  to  two  ordinary  differential  equations  with  R  as  the  independent 
variable  since  the  principal  stretches  al,  A2,  A3  are  functions  of  R  only  from  equa- 
tions  (5.1.5)-(5.1.7)  with  (5.1.11).  We  may  write  these,  by  specializing  (2.1.38),  in 
the  form  (Ogden  1984) 
d(RSRz) 
=  dR 
0,  (5.1.18) 
dSRr  1 
(Snr  -  See)  -  0,  (5.1.19) 
dR 
+1 
with  the  stress  components  given  by  (5.1.14)  and  (5.1.16).  Note  that  SZr  and  SZ,, 
do  not  appear  in  these  equations  and  merely  describe  the  components  of  traction 
on  the  ends  of  the  cylinder  required  to  maintain  the  given  deformation. 
(5.1.14) 
(R),  (5.1.15) 
76 We  take  the  boundary  conditions  in  the  form 
g(A)  =  A, 
w(A)  =  0, 
g(B)  =  B, 
w(B)  =  d, 
(5.1.20) 
(5.1.21) 
d  being  the  axial  displacement  of  the  outer  surface  relative  to  the  inner  one. 
Equation  (5.1.18)  may  be  integrated  in  the  form 
Alt(1) 
-A 
A1) 
TB 
(5.1.22A2 
2 
where  T  is  the  axial  shear  stress  on  the  outer  surface  per  unit  reference  area  that 
produces  the  displacement  d. 
5.2  Equations  for  pure  axial  shear 
In  the  specialization  to  pure  axial  shear  we  have  r-  g(R)  =R  and  equations  (5.1.8) 
and  (5.1.9)  reduce  to 
A,  A3  =  1,  '2  =  1.  (5.2.1) 
and  (5.1.2)  to 
A=I+  w'(r)ez  0  EZ,  (5.2.2) 
where  I  is  the  identity  tensor.  Thus,  the  deformation  is  isochoric.  Moreover,  it  is 
locally  a  simple  shear  of  amount  -y  -A-  A-1,  where  Al  =  A,  A3  =  )-1.  Without 
loss  of  generality  we  take  .\>1  and  reduce  (5.1.17)  to 
ry  =  --1  =  w'(r).  (5.2.3) 
77 In  view  of  (5.2.1)  and  the  connection  (5.2.3)  between  .A  and  ly we  may  regard  the 
strain  energy  as  a  function  of  7  defined  by 
(5.2.4) 
Equation  (5.1.22)  then  takes  on  the  simple  form 
Tb 
while  (5.1.19)  specializes  to 
(5.2.5) 
d  t(1)  }  t(1)  1  t(1) 
-ý 
t(1) 
+ 
A1-I  a3  -t21)  =0  (5.2.6) 
clr  Ai  -ýAs  r 
evaluated  for  Al  =  A,  A2  =  1,  A3  =  A-1  with  till,  t21),  t31ý  given  by  (5.1.12).  For 
pure  axial  shear  the  boundary  conditions  (5.1.20)  are  satisfied  automatically.  Thus, 
we  require  to  solve  equations  (5.2.5  and  (5.2.6)  in  conjunction  with  (5.1.21). 
Since  the  assumed  form  of  deformation  is  isochoric,  equations  (5.2.5)  and  (5.2.6) 
provide  two  equations  for  w(r)  for  any  given  form  of  strain-energy  function.  In 
general,  the  two  equations  are  not  compatible  and  the  assumed  deformation  is  not 
supportable.  For  some  forms  of  strain-energy  function,  however,  the  equations  are 
mutually  consistent  and  their  combination  yields  a  necessary  and  sufficient  condition 
on  the  strain-energy  function  for  this  to  be  the  case.  This  condition  can  then  be 
used  to  generate  forms  of  strain-energy  function  for  which  solutions  can  be  found. 
Provided  that  the  function  W'  is  suitably  well  behaved  equation  (5.2.5)  can  be 
inverted  (at  least  implicitly)  to  give  7  as  a  function  of  r,  and  w  is  then  determined 
from  (5.2.3)  by  integration.  Possible  sufficient  conditions  for  this  are  that  T  7'(-y)  is 
continuous  and  -ý  oo  as  y  -4  oo.  If,  additionally,  W'(y)  is  a  monotone  increasing 
78 function  of  7  then 
>o 
(5.2.7) 
for  all  y  and  (5.2.5)  yields  a  unique  solution  for  y  for  all  T.  Alternative  sufficient 
conditions,  which,  for  example,  allow  for  shear  softening,  so  that  (5.2.7)  need  not 
hold  for  all  ry,  may  also  be  considered  but  they  are  not  discussed  here. 
Under  the  assumption  that  (5.2.7)  holds,  differentiation  of  (5.2.5)  yields 
d  TV'(ry)  d 
r-_--  (5.2.8) 
dr  1V"(y)  dy' 
and  making  use  of  (5.1.12)  this  is  then  used  to  recast  (5.2.6)  in  the  form 
d  T4  +  i'V3  1't'ß  +  W3 
Itý'(Y)  ýy 
(A 
+  A_1)  =  1'jß  (Y)  (ý 
+  A_1  -  1V2) 
, 
(5.2.9) 
where  W1,  W2,  T'V3  are  evaluated  for  Al  =  A,  A2  =  1,  A3  =  A-'  and  we  note  the 
connection  (5.2.3)  between  ).  and  -y. 
Thus,  (5.2.8)  has  been  used  to  replace  the  independent  variable  r  in  (5.2.6)  by 
-y  in  (5.2.9).  Equation  (5.2.9)  is  a  necessary  and  sufficient  condition  for  the  strain- 
energy  function  to  be  capable  of  supporting  the  pure  axial  shear  deformation.  This 
does  not  in  general  mean  that  the  deformation  exists  for  any  strain-energy  function 
which  satisfies  (5.2.9).  For  such  a  strain-energy  it  is  necessary  to  solve  (5.2.5)  for  ry, 
which  requires  appropriate  sufficient  conditions,  as  discussed  above. 
Equation  (5.2.9)  may  be  re-expressed  in  a  number  of  different  forms.  For  exam- 
ple,  in  terms  of  the  derivatives  of  I'Y(A1,  )2,  \3)  evaluated  for  Al  =  A,  A2  =  1,  A3  = 
A-1,  from  (5.1.22)  with  (5.1.12)  we  have 
d  )11''  -  A`1173)  dA 
-  -A 
I,  171  -A'i  iý3 
)  5.2.10 
da  A+  A-'  dr  A+  \-' 
79 Therefore,  (5.2.10)  may  be  used  to  replace  the  independent  variable  r  in  (5.2.6)  by' 
A,  which  gives 
ATNV1  -  A-1Il73  cl  1471  +  I-h3  d  (All', 
-  A-1TV3 
A+A-' 
. 
dA  A+A-1) 
+IIT2dA 
A+A-' 
) 
- 
I471  +T43  d  A147,  -A-1fl7  (5.2.11) 
A+  A-'  da  A+A-1 
Equation  (5.2.11)  may  be  rewritten 
'17  I/r 
AI'V1  -  1,172 
(w13A-2W3-  I  I+1  3 
FT71  +  1'V3 
+  (1'172  -A-1117  3) 
(A2w 
11  -  1,17  13  +  A+  A-1)  =  0.  (5.2.12) 
Alternatively,  if  we  regard  TV  as  a  function  of  the  principal  invariants  Il,  12,13 
defined  by  equation  (2.1.17),  then,  by  writing  1j'  =  W(Il,  I2,13),  equation  (5.2.9) 
becomes 
(1,171  +  11'2)(2R7j1  +  611'712  +  2W13  +  411722  +  21'23  +  11 
2) 
+2y21T72(TiT1  +  211712  +  11722)  =  0,  (5.2.13) 
where  II  =,  ITij,  i,  j=1,2,3  indicate  differentiation  with  respect  to  the  arguments 
evaluated  for  Il  =  12  =  rye  +  3,13  =  1. 
Equation  (5.2.13)  was  obtained  by  Jiang  and  Beatty  (1997).  An  equivalent 
equation  based  on  the  principal  invariants  il,  i2,  i3  defined  by  equation  (2.1.16 
with  the  strain  energy  given  by 
14T(il7  i2,  i3)  =  147(1 
i- 
2i2,  i2  -  2ii,  is),  (5.2.14) 
from  equation  (3.5.1)  is 
(14711  +  21'12  +  1,22)[14'1  +  (i  -  1)Ih21  +  (1'17  12  11,22  1113  -I  IýV23)(I1jr  1+1  'h2) 
so (5.2.15) 
evaluated  for  i1  =  i2  =i  -)t  ý-  )c  +  1,  i3  =  1,  where  the  subscripts  denote 
derivatives  with  respect  to  il,  i2,  i3. 
5.3  Results  for  a  special  class  of  strain-energy 
functions 
Pure  axial  shear  of  a  circular  cylindrical  tube  of  compressible  elastic  material  appears 
to  have  been  studied  first  by  A'lioduchowski  and  Haddow  (1974).  They  considered 
a  strain-energy  function  of  the  form 
1'iß  _  ýýýHi(I3)(Il  -  1)  +  H3(I3)1,  (5.3.1) 
where  H,  (1)  =  1,  H3(1)  =  0,  H3(1)  =  -1,  and  showed  that  this  led  to  a  solution 
of  the  form  (in  the  present  notation) 
log  r-  log  a 
W  flogb 
-  logg 
(5.3.2) 
provided  Hi(1)  =0  when  the  boundary  conditions  (5.1.21)  are  applied.  They  also 
obtained  numerical  results  for  (non-isochoric)  axial  shear  in  respect  of  the  Levinson- 
Burgess  and  Blatz-Ko  forms  of  strain-energy  function  (Levinson  and  Burgess  (1971); 
Blatz  and  Ko  (1962)).  These  are  both  special  cases  of  the  strain-energy  function 
j'ýý  _1  it[H,  (I3)(Il  -  1)  +  H2(13)(12  -  1)  +  H3(13)]7  (5.3.3) 
where  the  function  Hl,  112,  H3  satisfy  appropriate  conditions  for  consistency  with 
(2.1.60)  and  (2.1.61). 
81 Further  conditions  on  the  latter  functions  for  (5.3.3)  to  yield  pure  axial  shear  were 
given  by  Polignone  and  Horgan  (1992)  and  Jiang  and  Beatty  (1995)  and  in  each  case 
a  solution  of  the  form  (5.3.2)  was  obtained  (with  the  interpretation  of  d  dependent  on 
the  choice  of  boundary  conditions).  The  strain-energy  function  (5.3.3)  and  certain 
of  its  specializations,  including  the  Levinson-Burgess  and  Blatz-Ko  forms,  had  been 
considered  earlier  by  Agarwal  (1979),  who  also  obtained  the  solution  (5.3.2)  in  some 
particular  cases.  Numerical  results  for  the  Levinson-Burgess  material  were  given  by 
Ertepinar  and  Erarslanoglu  (1990).  For  further  discussion  of  the  pure  axial  shear 
problem  we  refer  to  the  detailed  analysis  of  Polignone  and  Horgan  (1992)  and  Jiang 
and  Beatty  (1995).  In  the  latter  paper  it  was  shown  that  conditions  on  the  strain- 
energy  function  for  pure  axial  shear  to  be  admitted  given  by  Knowles  (1977)  are 
sufficient  but  not  necessary. 
Thus  far,  equation  (5.3.2)  appears  to  provide  the  only  closed-form  solution  avail- 
able  for  pure  axial  shear.  In  the  remainder  of  this  section  we  obtain  conditions  on 
the  strain-energy  function  for  which  (5.3.2)  is  admitted  as  a  solution. 
From  (5.3.2)  and  the  definition  (5.2.3)  we  have 
d-W 
(rý 
r(log  b-  log  a) 
(5.3.4) 
Using  (5.3.4)  we  may  write  (5.2.5)  in  the  form 
-yrb(log  b-  log  a)/d.  (5.3.5) 
But,  bearing  in  mind  the  connection  Ti1(y)  =  RV(I1i'2,13)  =  1,1T(y2  +3,72  +  3,1), 
we  have 
i'ýýý(Y)  =  2-y(1,171  +  UT2),  (5.3.6) 
S2 so  that  Wi  +  W2  -  constant  is  only  valid  for  the  form  of  (5.3.5),  and  then,  for' 
consistency  with  (2.1.60)  and  (2.1.61),  we  must  have 
TTII  (rye  +  3,  rye  +  3,1)  +  1'Tr2(Y2  +  3,  rye 
1 
+  3,1)  =2µ.  (5.3.7) 
Equation  (5.3.6)  becomes 
1ýý'(Y)  =  P7.  (5.3.8) 
Combining  equations  (5.3.5)  and  (5.3.8)  we  deduce  the  (linear)  relationship 
T 
11(1  (5.3.9) 
b(log  b-  log  a) 
between  r  and  d,  which  is  identical  to  that  obtained  by  Mioduchowski  and  Haddow 
(1974)  for  compressible  materials.  The  same  formula  is  also  obtained  in  respect  of 
the  incompressible  Mooney-Rivlin  strain-energy  function  (see,  for  example,  Green 
and  Zerna  (1968)). 
Furthermore,  differentiation  of  (5.3.7)  with  respect  to  7  then  yields 
IT'll  +  2W12  +  1122  =0  (5.3.10) 
evaluated  for  Il  =  I2  =  y2  +  3,13  =  1. 
The  latter  equation  characterizes  a  material  with  a  constant  shear  response  func- 
lion,  as  described  by  Jiang  and  Beatty  (1995);  see  also  Polignone  and  Horgan  (1992). 
Clearly,  by  integration  of  (5.3.10),  after  multiplication  by  2-y,  and  use  of  (2.1.60)  and 
(2.1.61)  equation  (5.3.7)  is  recovered  and  hence  (5.3.7)  and  (5.3.10)  are  equivalent, 
and  also  equivalent  to  (5.3.8).  Jiang  and  Beatty  (1995)  proved  that  the  shear  re- 
sponse  function  is  constant  if  and  only  if  (5.3.10)  holds.  Furthermore,  they  showed 
that  whenever  (5.3.10)  holds  the  deformation  must  have  the  form  (5.3.2).  Here 
83 we  have  shown,  conversely,  that  when  the  deformation  has  the  form  (5.3.2  the 
strain-energy  function  must  be  such  that  (5.3.8),  and  hence  (5.3.10 
, 
holds.  Specific 
materials  for  which  (5.3.10)  holds  have  been  discussed  by  Polignone  and  Horgan 
(1992)  and  Jiang  and  Beatty  (1995). 
5.4  Some  new  solutions 
5.4.1  Example  1 
In  Section  3.4  we  obtained  closed-form  solutions  for  the  pure  azimuthal  shear  prob- 
lem  for  members  of  the  class  of  strain-energy  functions  defined,  in  the  present  no- 
tation,  by 
N'  =  f(Il)hl(I3)  +  113(13).  (5.4.1) 
Without  loss  of  generality  we  take  h1(1)  =1  and  the  functions  f,  hl,  h3  in  (5.4.1) 
should  satisfy  the  specialization  of  (2.1.60)  and  (2.1.61)  to  this  form  of  strain-energy 
function.  Notice  that  (5.4.1)  is  independent  of  I2  but  that,  in  the  specialization  to 
pure  axial  shear,  I2  =  Il  and  13  =  1. 
Substitution  of  (5.4.1)  into  (5.2.13)  yields 
f'(Ii)(f"(I,  )  +  kf'(11))  =  0,  (5.4.2) 
where  the  constant  k  is  defined  by 
k=he(i). 
Therefore,  we  may  deduce  that 
(5.4.3) 
f(11)  _- 
Fý  [e-ti(I,  -3)  -  1ý 
. 
(5.4.4) 
2k 
84 With  13  =1  and  Il  =  y2  +3  it  follows  from  (5.2.5)  that 
1,7e-k72  _ 
Tb  (5.4.5) 
and  we  note  that  (5.2.7)  is  satisfied  for  all  ry  if  and  only  if  k<0. 
In  the  limiting  case  k=0  the  strain-energy  function  is  linear  in  Il  and  the 
solution  for  this  case  was  given  in  Section  5.3.  For  other  values  of  k  equation  (5.4.5) 
cannot  be  inverted  explicitly  to  give  7  as  a  function  of  r.  Thus,  unlike  the  situation 
for  pure  azimuthal  shear,  the  strain-energy  function  (5.4.1)  does  not  yield  new  closed- 
form  solutions  for  pure  axial  shear.  Equation  (5.4.5)  may  be  solved  numerically  but 
we  do  not  pursue  this  here. 
5.4.2  Example  2 
As  in  Section  3.5  and  analogously  to  (5.4.1)  we  next  consider  the  strain-energy 
function  defined  by 
TV  =  f(il)hl(i3)  +  h3  (23),  (5.4.6) 
where  the  functions  f,  hl  and  h2  satisfy  the  specialization  of  (2.1.57)  and  (2.1.58). 
Without  loss  of  generality,  we  here  set  hl(1)  =1  again. 
Equation  (5.2.15)  then  yields 
fe(il) 
ffn(i1) 
+1-2J  fý(zl))1  =  0,  (5.4.7) 
-1  iz 
1 
L\ 
where  k=  hi(l).  We  then  deduce  that 
4t'  -1  e(5.4.8)  il  +1 
In  this  case  equation  (4.2.5)  becomes 
4[t7 
e-(  72+s-a)  = 
Tv  (5.4.9) 
2+  -y2+4  r 
85 As  with  (5.4.5)  equation  (5.4.9)  cannot  in  general  be  inverted.  Exceptionally,  for 
=  0,  equation  (5.4.6)  yields 
f(iiý  =  41t[il  -2  log(ii  +  1)]  (5.4.10) 
apart  from  an  additive  constant,  which  can  be  accommodated  through  h3(i3).  Equa- 
tion  (5.4.9)  then  leads  to 
_ 
4Tbr 
Y 
r2  -  T2b2' 
(5.4.11 
where  T  is  defined  by 
T=  T/4,  C.  (5.4.12) 
From  (5.4.11)  and  (5.2.3)  the  axial  displacement  w  is  obtained  in  the  form 
/rz  TZb 
w=2Tlogl  2_T2b2  . 
(5.4.13) 
It  follows  that 
d=2T  logT22) 
2 
2' 
(5.4.14) 
where  the  geometrical  parameter  ý  is  defined  by 
ý=  b/a.  (5.4.15) 
We  note,  in  particular,  that  for  this  solution  the  upper  bound  ITI  <  ý-'  is  placed 
on  the  allowable  axial  shear  stress,  with  d  -3  oo  as  Ifl  -f  r-1  from  below. 
5.4.3  Example  3 
In  this  example  we  consider  117  to  be  linear  in  ii  and  i2  so  that 
3)hl  (i3)  +  (i2  -  3)h2(i3)  +  h3(i3),  (5.4.16) 
86 where  hl,  h2  and  h3  are  functions  of  i3,  which,  for  consistency  with  (2.1.57)  and 
(2.1.58),  must  satisfy 
h3(1)  =  0,  hl(1)  +  h2(1)  =  211, 
h2(1)  +  1x3(1)  =  -211,2h1'(1)  +  4h2(1)  +  h3(1)  =  rti  + 
4p. 
(5.4.17) 
Subsituting  (5.4.16)  into  (5.2.15)  yields 
It'  (1)  -ß-1a2(1)  -  251(1)  -  52(1) 
=  0.  (5.4.18) 
il-1 
Therefore,  (5.4.17)  and  (5.4.18)  force  (5.4.16)  to  have  form 
W=  µ(ai  +  i2  -  6)  +  h3(i3),  (5.4.19) 
and  (5.4.17)  reduces  to 
h3(1)  =  0,  h'(1)  =  -3Et,  h3(1)  =h+ 
3ýi. 
(5.4.20) 
In  respect  of  (5.4.19)  equation  (5.2.5)  becomes 
iý''(y)  =  2u7(4  +7  2)-2  =  rv  (5.4.21) 
and  hence 
-y  =  2Tb/  r2  -  T2b2,  (5.4.22) 
where  T  is  defined  by  =  T/2µ.  Integration  of  (5.4.22)  yields  the  solution 
w=  2Tb  [cosh-1 
I 
Tb 
I-  cosh-1 
(i)] 
, 
(5.4.23) 
so  that 
d=  2Tb  costa-'  IT  I-  cosh  1Ih  11 
, 
(5.4.24) 
As  for  the  solution  in  Example  2  the  solution  (5.4.23)  is  only  valid  for  I;  <  ?  j-1 
87 5.4.4  Example  4 
Here  we  consider  the  class  of  strain-energy  functions  defined  by 
TT=  g(I2)h2(I3)  +  /13(13),  (5.4.25) 
analogously  to  (5.4.1),  where  h2(1)  =1  and  equations  (2.1.60)  and  (2.1.61)  hold. 
On  substitution  of  (5.4.25)  into  (5.2.13)  we  deduce  that 
9(12)[(272  +  4)g"(I2)  +  kg'(I2)]  =  0,  (5.4.26) 
where  k  is  defined  by 
k=14(1)+1  (5.4.27) 
Apart  from  an  additive  constant,  the  function  g  must  have  the  form 
µ(I2  -  1)t -k/2r-ý'(1  -  k)  k  1, 
9(h)  _  (5.4.28) 
,u 
1og(I2  -  1)  k=1. 
In  this  case  equation  (5.2.5)  becomes 
Týý'(Y)  =  ß'Y(2  +'Y2)-ß'2k  _ 
Týv,  (5.4.29) 
and  (5.2.7)  is  satisfied  for  all  -y  if  and  only  if  k<  1/2. 
Note  that  for  k=0  the  results  discussed  in  Section  4  are  reproduced.  We  now 
obtain  solutions  for  the  three  values  of  k  in  order  to  illustrate  the  results. 
Case  (a):  k=  1/2 
Here  the  resulting  axial  displacement  function  is  very  similar  to  that  in  Example 
3.  In  this  case,  (5.4.25)  becomes 
1'V  = 
V21c  I2  -  1h2(I3)  +  h3(I3),  (5.4.30) 
88 where  the  functions  hl  and  h2  should  satisfy 
h2(1)  =  1,  h3(1)  =  -21t,  2ph2(1)  +  h3(1)  =  -ft  (5.4.31) 
2ih2'(1)  +  2/.  h'ä(1)  +  h3(1)  = 
4h 
- 
1It. 
In  respect  of  (5.4.30)  equation  (5.4.29)  leads  to 
ßµy  Tb 
,  y2  +-1 
(5.4.32) 
which  may  be  solved  to  give 
w=  4-Tb  Lc0s_1  (2I 
-  cosh1 
(2\/b)i 
, 
(5.4.33) 
Tb) 
whe  re  T  is  again  defined  by  (5.4.12),  and  hence 
d=  2-Tb  [cosh-1 
(2I_) 
-  cosh-1 
(2  I  )] 
. 
(5.4.34) 
As  in  Example  3  an  upper  bound  is  placed  on  the  allowable  shearing  stress  T,  in 
this  case  Ifl  <  1/2v' 
. 
Case  (b):  k=  1/4 
The  strain-energy  function  is  given  by 
iýý  = 
324[l(I2 
-  1)9h2(1)  +  h3(1),  (5.4.35) 
where  the  functions  hl  and  h2  must  satisfy 
3,3  1-t1i2(1)  +  14(1)  (5.4.36)  hz(1)  =  1,  h3(1)  _µ 
(1)  +  /i  (1)  = 
4h 
+  2pth'2(1)  + 
3µh'2 
3  12 
From  the  specialization  of  (5.4.29)  we  have 
29  ýý-y(Y2  +  2)  = 
Tb,  (5.4.37) 
89 and  hence 
rye  =  64 
(P)4 
+  16 
()2 
16 
(b)" 
+  1.  (5.4.38) 
er  integration  of  w'(r)  =  -y,  we  obtain  the  solution  in  the  form  Aft 
w_  =  2Tb  log 
1+  m(r) 
-  log 
1+  m(a) 
1-  m(r)  1-  ?n  (a) 
22 
+  2f  b 
m(a)  in(r)  -2  tan-1  m(r)  +2  tan-1  in(a)  (5.4.39) 
where  m(r)  is  defined  by 
I 2 
m(r)  R 
16T`ýb4 
+  1) 
z-4 
72bz 
(5.4.40) 
r4  J  ý.  2 
and  T  is  once  more  given  by  (5.4.12),  while 
d=  2Tb  log 
[1  +  m(b)]  [1 
-  m(a)] 
[1 
-  m(b)][1  +  in(a)] 
12 
+  2Tb 
m(a)  - 
m(b) 
-2  tan-1  m(b)  +2  tan-1  m(a)  . 
(5.4.41) 
Case  (c):  k=  -1/2 
The  strain-energy  function  has  the  form 
jýJ  = 
3µ(I2 
-  1)Zh2(1)  +  h3(1),  (5.4.42) 
where  the  functions  hl  and  h2  satisfy 
99 
h2(1)  =  1,  h3(1)  _  -3µ,  3µh2(1)  +  h3(1)  =  -p,  (5.4.43) 
2/1/4(1)  + 
31zh 
(1)  +  h3(1)  = 
4h 
- 
1µ. 
In  respect  to  (5.4.42)  equation  (5.4.29)  yields 
f17(Y2  +  2)2"  = 
7ý.  (5.4.44) 
90 Similarly  to  Case  (b)  specialization  of  (5.4.44)  in  this  case  leads  to 
32T2b2  2 
y=1  -ý  -  1,  (5.4.45) 
1,  a 
and,  after  integration  of  w'(r)  =  -y,  we  find  the  resulting  solution  in  the  form 
w=  4-Tb  n(r)  -  n(a)  +1  log 
1+  n(r) 
-1  log 
1+  n(a)  (5.4.46)  121-  n(r)  21-  n(  a)] 
where  n(r)  is  defined  by 
2 
(5.4.47)  n(r)=V-2- 
1_ 
(1 
+  32X62)  2+1 
3 
and  T  is  still  given  by  (5.4.12),  while 
d=  4Tb 
[n(b) 
-  n(a)  +11  log  i+  n(b)  -1  log  1+  n(a)  (5.4.48) 
1-  n(b)  21-  n(a) 
In  Fig.  5-1  we  illustrate  the  relationship  between  d  and  r  in  dimensionless  form 
by  plotting  d/a  against  T  in  respect  of  k=  1/2,  k=  1/4,  Ic  =  -1/2  and  k=0,  the 
latter  being  the  linear  relationship  obtained  from  (5.3.9)  in  the  form 
d 
-=  4n7log  q. 
a 
(5.4.49) 
The  value  2  is  taken  as  representative  of  the  ratio  fJ  =  b/a.  The  behaviour  of 
(5.4.14)  and  (5.4.24)  is  similar  to  that  for  curve  (a)  in  Fig.  5-1. 
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Figure  5.1:  Plot  of  the  dimensionless  axial  displacement  d/a  against  the  dimension- 
less  axial  shear  stress  'r"  for  strain-energy  functions  in  the  class  (5.4.25)  with  (5.4.28) 
for  ý=2:  (a)  k=  1/2;  (b)  k=  1/4;  (c)  k=  -1/2;  (d)  k=0. 
92 5.5  The  incompressible  problem 
For  an  incompressible  material  the  axial  shear  deformation  is  necessarily  pure  axial 
shear.  Let  the  strain  energy  of  an  incompressible  (isotropic)  elastic  material,  re- 
garded  as  a  function  of  Il  and  I2 
, 
be  written  w(I1,12).  This  may  be  identified  with 
the  strain  energy  of  a  compressible  material,  specialized  for  isochoric  deformations, 
by  writing 
w(Ii,  12)  =  14'(I1,  '2,  l).  (5.5.1) 
Let 
WF('Y)  =  w(72  +  3,  -y2  +  3).  (5.5.2) 
Then,  the  equilibrium  equation  (5.1.18)  yields 
WY(`Y)  =T  (5.5.3) 
which  is  equivalent  to  (5.2.5). 
The  radial  equilibrium  equation  (5.1.19)  serves  to  determine  the  hydrostatic 
stress  p  arising  from  the  incompressibility  constraint.  In  the  present  proble  this 
entails  the  replacement  of  (5.1.12)  by 
t(1) 
- 
au  r 
_  PA-1I 
1'  t21)  =: 
(9TV- 
1ý 
(1) 
=: 
CýTT7 
_  1ýA3 
1  (5.5.4) 
aAl  aA2  aag 
evaluated  for  A1)3  =  1,  A2  =  1,  in  (5.1.14)  and  (5.1.15). 
Solutions  for  the  incompressible  proble  may  be  obtained  from  those  for  the  com- 
pressible  problem  disscussed  in  Section  5.4  (and  for  others  obtained  similarly)  by 
identifying  cv(Il,  12),  or  its  equivalent  in  terms  of  other  variables,  with  the  appropri- 
ate  specific  (compressible)  strain-energy  functions  specialized  for  isochoric  deforma- 
tions.  For  example,  in  respect  of  (5.4.25)  with  (5.4.28),  we  set  w(I1,12)  =  g(I2)-g(3), 
93 which  is  independent  of  Il,  and  we  recall  that  for  the  problem  discussed  here  Il  =  12. 
The  stress  distribution  in  the  materials  is  determined  by  integration  of  (5.2.6)  with 
(5.5.4)  duly  specialized  in  order  to  obtain  p.  This  procedure  was  illustrated  for 
azimuthal  shear  in  Chapter  3  and  we  do  not  give  further  details  here. 
94 Chapter.  6 
Azimuthal  shear  of  an  eccentric 
annulus 
In  Chapter  2  we  discussed  the  plane  strain  character  of  the  finite  azimuthal  shear 
of  a  circular  cylindrical  annulus  of  compressible  isotropic  elastic  material  and  used 
this  to  express  the  strain  energy  as  a  function  of  two  independent  strain  invariants. 
Some  closed-form  solutions  for  particular  strain-energy  functions  were  found.  In 
this  chapter  we  continue  to  consider  the  (plane  strain)  azimuthal  shear  of  a  circular 
tube  but  here  we  consider  the  centre  circle  to  be  displaced  (in  the  considered  plane) 
by  a  small  displacement  c  while  the  outer  circle  is  fixed.  The  objective  is  to  use  the 
theory  of  small  elastic  deformations  superimposed  on  the  initial  finite  strain  (which 
will  be  known)  to  determine  the  change  in  this  initial  strain  due  to  the  boundary 
displacement. 
\\Te  use  the  results  of  Case  (ii)  in  Section  3.4  as  the  basis  for  our  calculations 
and  consider  that  the  solutions  have  the  form  of  u,  =  A(r)  cos  0+  B(r)  sin  0  and 
95 cte  =  C(r)  cos  0+  D(r)  sin  0.  The  governing  incremental  equations  and  boundary 
conditions  are  described  and  then  numerical  results  are  obtained  to  study  the  effect 
of  the  superimposed  deformation  on  the  displacement  and  the  incremental  nominal 
stresses. 
6.1  The  basic  azimuthal  shear  deformation 
As  in  Section  3.1  we  let  (R,  0,  Z)  and  (r,  0,  z)  be  cylindrical  polar  coordinates  in 
the  reference  and  deformed  configurations  respectively.  The  compressible  nonlinear 
elastic  annulus  (cross  section  of  the  tube)  is  defined  by 
O<A<R<B,  0<O<27r.  (6.1.1) 
We  consider  an  azimuthal  shear  deformation  of  the  form 
r=  r(R),  0=0+g(R),  z=Z,  (6.1.2) 
where  r(R)  and  g(R)  are  functions  to  be  found  -  in  general  they  will  depend  on 
the  properties  of  the  material. 
We  write  x=  re,.,  where  er,  ee  are  polar  coordinate  axes  associated  with  (r,  0) 
and,  similarly,  X=  ReR,  with  eR,  eo  the  polar  coordinate  axes  associated  with 
(R,  O).  Here,  x  and  X  are  (two-dimensional)  position  vectors  in  the  plane  of  the 
annular  cross-section,  with  the  origin  taken  at  the  centre  of  the  cross-section. 
Henceforth,  attention  is  restricted  to  the  plane  of  the  annular  cross-section. 
96 The  deformation  gradient  given  by  equation  (3.1.5)  may  be  rewritten  as 
A=  Grad  x= 
Ox 
®ea+ 
1  Ox 
Dee 
r  G.  1.3 
from  which  we  calculate  the  left  Cauchy-Green  deformation  tensor 
AAT  =  rj2e,.  ®  er  +  rr-'g  (er  ®  eo  +  eo  0  er)  + 
(2I2 
+  eo  0  eo.  (6.1.4) 
With  respect  to  the  polar  coordinate  axes  the  matrix  of  components  of  AAT  is 
therefore 
AAT  =r 
12  rr 
(6.  L5) 
L 
rr1  91  r2912  +  r2/R2 
Let  v(1),  v(2)  be  the  Enlerian  principal  axes  associated  with  this  deformation, 
that  is  the  principal  axes  of  AAT.  Then  we  express  v(1),  v(2)  in  terms  of  the  basis 
vectors  er,  ee  in  the  form 
v(1)  =  cos  0  e,.  +  sin  0  eo, 
v(2)  _-  sin  0  e,.  +  cos  0  eo,  (6.1.6) 
where  0  defines  the  orientation  of  the  axis  v(1)  relative  to  er.  We  may  also  write 
AAT  in  the  spectral  form 
AAT  =A  v(l)  ®  v(1)  +  A2v(2)  ®  v(2),  (6.1.7) 
where  Al  and  A2  are  the  principal  stretches.  Substituting  equation  (6.1.6)  in  equation 
(6.1.7)  and  then  comparing  with  equation  (6.1.5),  we  deduce  that  the  eigenvalues 
X  and  A2  of  AA'  are  such  that 
Ai  A2 
_ 
.z+ß,  z9  22 
++2 
z, 
(6.1.8)  Ai  a2  -1  Bz 
97 and  the  angle  0  is  given  by 
A2 
i  7,12 
tan  0=  rrf  (6.1.9) 
9 
Note  that  A1  and  A2  are  solutions  of  the  quadratic  equation 
/  r2  ý,  2rýz 
A4  -I  rj2  +  r2gj2  + 
lA2 
+2=0  (6.1.10) 
for  A2. 
6.2  Superimposed  incremental  deformation  and 
equilibrium  equations 
6.2.1  Superimposed  incremental  deformation 
Let  the  small  displacement  u  be  superimposed  on  the  basic  deformation  x  and  let 
U=  carer  +  2ieee,  (6.2.1) 
where  it,  and  tte  are  functions  of  r  and  0.  The  displacement  gradient  P-  grad  u  is 
a 
(urer  +  uoee)  ®  er  + 
ßi0 
Curer  +  uoeo)  ®  eo  (6.2.2) 
all,  1  au,.  1  au9 
_  ar  er  ®er  +r( 
aaO 
Dr 
ll  r  uo)er  0  eo  + 
0110 
eo  ®  er  +r( 
alt 
+  ur)eo  0  eo, 
and  the  components  of  IF  referred  to  polar  coordinates  are  therefore 
_ 
our 
F1  Eiur 
_ 
Frr 
C71 
rB=1ýC70  uB  i 
C9110 
rpp 
1  Coup 
Für  =  ar  r  DO 
}  21rý 
We  take  the  incremental  boundary  conditions  in  the  form 
u=0  on  r  =b, 
u=E  on  r=  a, 
(6.2.3) 
(6.2.4) 
Os where  r:  is  a  small  rigid  displacement  (constant).  In  Cartesians  we  may  write 
E=  E(COS  J,  Sill  J), 
where  0  is  the  angle  between  c  and  the  x-axis,  or,  in  polars 
c=E  cos  (0 
- 
0)e,. 
-c  sin  (0. 
- 
0)e©. 
Without  loss  of  generality,  we  take  0=0,  so  that 
c=  E  cos  0  er  -c  sin  0  e0, 
and,  hence,  the  boundary  conditions  may  be  written 
=uB=0  on  r=b, 
it,  =c  cos  0,  uo  =  -e  sin  0  on  r=a, 
or,  equivalently,  as 
0  onr=b 
Ur  +2UO 
E2-t0  on  r=a 
with  i=. 
6.2.2  Incremental  constitutive  law 
(6.2.5) 
(6.2.6) 
(6.2.7) 
(6.2.8) 
(6.2.9) 
The  linearized  form  of  the  incremental  stress-deformation  relation,  referred  to  the 
finitely  deformed  configuration,  may  be  written 
So=￿ao]P,  (6.2.10) 
where  So  is  the  increment  of  the  nominal  stress  tensor  evaluated  in  the  current 
configuration,  and  A0  is  the  tensor  of  first-order  instantaneous  elastic  moduli  asso- 
ciated  with  the  conjugate  pair  (S,  A)  in  the  current  configuration.  The  components 
99 of  (6.2.10)  referred  to  polar  coordinates  are  then  written  as 
SOrr 
- 
AOrrrrrrr  +  AOrrrBF 
r+ 
AOrrOrrrO  +  AOrr©Broo, 
SOrO  = 
AOrOrrFrr  +  AOrOrBF 
r+ 
AorOOrrrO  +  Ao,, 
ooroo, 
800r 
= 
AOOrrrrrr  +  AOBrrorOr  +  AOBrOrrrü  +  AOBrBBFBO, 
S0©B 
- 
AOBBrrrrr  +  A00ür0FBr  +  Ao900rFr©  +  App©©0P0©.  6.2.11) 
Let  Ao1  kl  be  the  components  of  A0  referred  to  the  Eulerian  principal  axes  vgl>,  v(2). 
Then,  the  only  non-zero  components  are  given  by 
J,  4o111i  -  ai 
a2q 
JA01122  =  AI  A2  r7z[V  J  A02222  =  A2 
a2I1 
WA1  aAlaAz  Paz 
(al  aai 
-  Az  ää2))  2(  \1ää,  -a2ä)  A2 
JAoi2iz  =  N2  22 
JA02121  =  A2  Az  1212 
r 
JA01221  =  J-402112  =  JA01212  -  Al 
aal 
(6.2.12) 
It  is  convenient  to  write 
ail  =  Aoiiii,  a12  =  A01122,  Q'22  =  A02222, 
'Y12  =  A01212,  'Y21  =  A02121,612  =  a12  +  A01221.  (6.2.13 
The  connection  between  the  componts  ADijkl  and  Ao1  kl  (in  polars,  with  indices  r,  0 
corresponding  to  1,2)  is 
Aoijkl  =  lipl7glkrllsAopqrs,  (6.2.14) 
where  ltd  (i,  j=1,2)  are  the  components  of  L  given  by 
cosq  -sin 
L=  (6.2.15) 
sin  cos  q 
100 and  q  is  determined  by  equation  (6.1.9).  Making  use  of  equations  (6.2.12)  and 
(6.2.13),  this  leads  to 
AOrrrr 
=  all  COS 
'q  +  ('f12  +  'Y21  +  2512)  sin 
20 
cos 
20  +  a22  sin 
40 
i 
. AOrrrO  =  sin!  cos  c[(crli 
-  ry12  - 
512  cos  20_  (a22 
-  721  - 
812)  sin  20], 
AorrOr  =  sin  0  cos  0[(alI  -  ry21  - 
612)  cos  20_  (a22  -  712  -  612)  sin  20], 
AorrOO  =  sin 
20 
cos  2«(aii  +  a22  -  'Y12  -  '21  -  2612)  +  ale, 
AOrOrr 
= 
AOrrrO) 
Aorere  =  (ail  +  a22  -  2512)  sin  20  cos  20  +  72,  sin  40+  -712  cos  '10, 
Aorü  r=  sin 
20 
COS 
2q  (ca11  +  a22  -  'Y12  -  'Y21  -  2812)  +  812  -  a12, 
Aor999  =  sin  0  cos  q  [(all 
-  721  - 
512)  sin 
20-  (a22 
-  ry12  - 
612)  cos 
20], 
A09rrr  AOrrür,  (6.2.1  6) 
AOBrOr  =  all  +  a22  -  2512)  sin  20  cos  20  +  712  sin  `ßq5  +  721  cos  40, 
Ao 
rrO  - 
. AOrGOr, 
Aoa,  ee  =  sin  0  cos  0[(al1-  712  -  612)  sin  20_  (0122 
-  '721  -  512  cos  20], 
AOBBrr 
= 
AOrrOOi 
AOBBrO  =  AOrOOO 
i 
A000Or  =  AOBrOO 
) 
Aoeeea  =  all  sin  40+  (y12  +  y21  +  2612)  sin  20  cos  20+  a22  cos  `l0. 
6.2.3  Incremental  equilibrium 
When  there  are  no  body  force,  the  incremental  equilibrium  equations  are 
div  So 
=  0.  (6.2.17) 
101 In  polar  coordinates,  with  restriction  to  plane  strain,  this  leads  to  the  two  equations 
DSOrr  1  VS09r  1 
c9r  71  Clý  7 
(. 
Orr  - 
sOBB)  =  07 
ClSOrB  1  ClSOBB  1 
c9r 
+  WO  + 
(SOre 
+  S00r) 
=  0.  (6.2.18) 
r  71 
We  now  substitute  equations  (6.2.11)  into  equations  (6.2.18)  and  make  use  of 
the  expressions  (6.2.3).  This  yields 
AOrrrrur, 
rr 
+ 
2AOrrOrur, 
r9 
+  AOBrerur, 
BB  +  AorrrBZuB, 
rr 
7"  7' 
11/1 
+ý  (AOrrBB  +  AOBrrB)  uB,  rB 
+ 
1-2 
AOBrBB21B, 
BB  +  lAOrrrr  +1  AOrrrr)  71r,  r 
1,  (4rrr  ,111 
r 
AOrrBrUr, 
B  +B 
r 
AOrrBr  +r  AOrrrB 
--r 
AOBBrB)  210,  r 
(rrOO 
+?  AOBBBB 
-- 
AOBrBr  278,8 
+ 
(ArrüB 
r 
AOBBBBJ  11r  - 
(_4rrr 
- 
AOBBBrJ  uB  =  0, 
AorBrr21r, 
rr 
+1  (AOrrBB  +  AOrüBr)  21r,  rB 
+2  AOBBBrur,  BB 
r7 
+AOr©re21B, 
rr 
+ 
2. 
QOBBrBT1B, 
rB 
+2  AOBBBBI1B, 
BB 
r  1' 
(Al 
111 
OrBrr 
+r  AOrr©r  +r  AOrrrB  +r  AOrBBB)  21r,  r 
rrr 
+1 
(Ar0ür 
+  AOBrBr  +7  AOBBBBJ  21r,  ß  + 
(ArrB 
+I  AOrOrB)  110,  r 
(6.2.19) 
(6.2.20) 
AOrBBBUB,  B  +7 
(s4rooo 
+  -AOBrOO  21r  - 
(4rüür 
+-  AOBrür 
I  uB  =  0" 
In  these  equations,  ua,  ß  and  ua,  pry  denote  aua/D/3  and  a2ua/aßa-  (ca,  /3,  'y  =  r,  0) 
respectively,  and  a  prime  denotes  differentiation  with  respect  to  r. 
In  view  of  the  boundary  conditions  (6.2.8)  we  consider  solutions  of  the  form 
u,.  =  A(r)  cos  0+  B(r)  sin  0, 
u©  =  C(r)  cos  0+  D(r)  sin  0,  (6.2.21 
102 and,  hence,  the  boundary  conditions  (6.2.8)  become 
A(a)  =  c,  B(a)  =  0,  C(a)  =  0,  D(a)  =  -E, 
A(b)  =  B(b)  =  C(b)  =  D(b)  =  0.  (6.2.22) 
Substitution  of  equations  (6.2.21)  into  equations  (6.2.19)  and  (6.2.20)  enables 
the  equilibrium  problem  to  be  expressed  in  the  form  of  the  four  ordinary  differential 
equations,  namely 
AorrrrA" 
+  AOrrrGC"  +1  AOrrrr  +  AOrrrr)  A'  +  -AorrOrB' 
rr 
+ 
(Arrrü 
AOrrOr  +  AOrrrü 
-ý 
AOBBrO  C'  +  (Ao0©rr  +  AOBrrg)  D' 
1  (v4rree  )+7 
Aooooo 
-r  %ýOBrBr  A+r  AOrrOr  B 
,,  Orr©r 
c 
111 
+r 
(Arr0ü 
- 
7,  Aoaeee  -  r.  Qoerer  D=0,  (6.2.23) 
l 
AOrrrrB"  +  AOrrrBD'l  + 
(Arrrr 
+1_  AOrrrr)  B' 
2- 
AOrrBrA' 
r/r 
(AOBBrr  +  AOBrrB)  Cl  + 
(A'orrr  1AOrrOr 
+1  Arrr- 
1 
AOBrJ  DI 
+  (AOrrOO 
r, 
AOBBBB 
-1?, 
AOBrBr  JB-,  AlOrrOrA 
1111 
- 
(Arr00 
-r 
4ooooo 
-  rAOBrürl  )C- 
rAOrrürD  =  0,  (6.2.24) 
1ý 
AOrBrrA"  +  AOrBrBc"  (Arrr 
+  AOrrBr  +  AOrrrB  +  AOrBBB 
A'  2 
+  (AOrr00  +  AOrüür)  B'  + 
(Arür9 
+  A0r©r9)  C/  +  7, 
A0BBroD'+ 
1 
AOr000A 
1,111,111 
+- 
r 
(Ar00r 
+r 
`A00rBr 
r 
AOBBBB 
lJB-r  (Ar99r 
+  AOBrOr  +  A00ooo)  C 
rr 
1￿o, 
ooo 
D=0, 
7' 
(6.2.25) 
AOr©r©B"  +  AOr©rBD" 
-1 
(AOrr©B  +  AOr©©r)  A' 
(4rürr 
q,  + 
''`Orr©r 
+  AOrrr©  + 
-AOr000J 
B' 
-  -A0©OrOc  +1  AOr©BOB 
7'  71  71  71 
103 + 
(Ar0r0 
+  A0rOr9)  D1 
-r 
(Arü0r 
+  Aooror  +  A0©B©B)  A 
71 
-1 
AOrOOOC 
-1 
AOrü0r  +-  Ao0r0r  +7  Aooooo)  D=  01  (6.2.26) 
for  A(r),  B(r),  C(r)  and  D(r) 
6.3  The  pure  azimuthal  shear  problem 
Pure  azimuthal  shear  is  the  isochoric  specialization  of  the  deformation  (6.1.2)  cor- 
responding  to  r=R.  Then,  equations  (6.1.8)  reduce  to 
Ai  +  A2 
2=2+r 
2g  2ý 
)1  A2  =  1, 
as  discussed  in  Section  3.3.  We  therefore  write 
(6.3.1) 
Al  =  A,  A2  =  A-1,  (6.3.2) 
so  that 
A-  A-1  =  rg  ,  tan  0=A,  (6.3.3) 
and,  locally,  the  deformation  corresponds  to  a  simple  shear. 
For  this  case  g(r)  can  be  found  for  special  choices  of  strain-energy  function,  and 
the  strain-energy  function  depends  only  on  A  or,  equivalently,  on  the  amount  of 
shear  rg'(r) 
Examples  of  these  solutions  are  given  in  Chapter  3  and  can  be  used  as  the  basis 
for  considering  superimposed  incremental  deformations.  Corresponding  boundary 
104 conditions  for  the  basic  problem  are  as  discussed  in  Section  3.1. 
Making  use  of  equation  (6.3.2)  we  note  that 
sinq_  A-2+1,  cosc_  Az  +l, 
(6.3.4) 
and  equations  (6.2.16)  may  be  rewritten  as 
AOrrrr  = 
1 
(A2  +  1) 
1 
[all  +  ('y12  +  -y21  +  2612)  A2  +  a22A4], 
2 
AOrrrB 
A 
-  (A2  +1 
al1-  'º12  - 
S12 
- 
(a22 
-  ^121  - 
a12)A2], 
)2 
[ 
AOrrBr  =  (A2  +A1 
all  -  `121  - 
S12 
- 
(a22 
-  `112  - 
612)A2],  [al 
)2 
AOrrOO 
= 
A2 
(A2  +  1)  2 
(all  +  a22  -  '712  -  721  - 
2812)  +  a12, 
AOrOrr 
= 
AOrrrü, 
= 
AOrOrO  1 
(A2  +  1)2 
[(all  +  a22  - 
2612)A2  +'121!  4  +7121, 
AOrOOr 
= 
A2 
(A2 
A2 
1)  2 
(all  +  a22  -  ^112  -  %`21  - 
2812)  +  S12 
-  a12, 
AOrOOO 
= 
A 
(A2  +  1) 
2- 
a22  -  712  - 
812], 
2 
[(all 
X21  - 
612)A 
AOBrrr  = 
AOrrOr,  (6.3.5) 
1 
AOBrOr 
= 
ý2  +  12 
[(all  +  a22  - 
2S12))  2+ 
`y12) 
}  +,  21],  ( 
l 
1)2 
= 
AOrreo, 
AOOrOO 
=  (A2 
A+ 
1)2 
[(all 
-'Y12  - 
612)A  20 
-  a22  -'121  - 
612]7 
AOBBrr 
= 
AOrrü 
, 
AOBBrO  =  Aor009 
i 
A  Brr  =  AOOrOO, 
A00000 
_  (A2  +  1)2 
[a11A'3  +  (`112  +  -121  +  2612))2  +  a22]. 
105 6.4  A  special  form  of  strain-energy  function 
Now  we  consider  Case  (ii)  in  Section  3.2  with  the  strain-energy  function  given  by 
11r(Ii,  13)  =1  2[tI11'1(I3)  +  112(13),  (6.4.1) 
where 
'1  =  ýi  +  Aä1  13  =.  11.2,  (6.4.2) 
with 
h1(1)  =  1,14(1)  =  -4,  hz(1)  =  -Eý,  14(1)  _  4I  fl'  (6.4.3) 
and 
"(1)  =4t;  +/  (6.4.4)  µ14i  (1)  +  h2 
12 
For  this  form  of  strain-energy  function  the  finite  underlying  deformation  is  a  pure 
azimuthal  shear,  and  the  solution  of  the  problem  is 
Tb2 
r 
with 
(6.4.5) 
r19(r)=7  =A-A-1.  (6.4.6) 
Making  use  of  equation  (6.3.2),  we  calculate  that 
c9  A1  =  4Eýa  - 
2ýc, 
ý-i  - 
4µi-s, 
4/cA-  -ý  EýA  -  4ICa3  üA2 
2r 
!ý-  µa-`1  -'fc.  ý-2, 
a= 
21t(1  +  A-`;  )hi(1)  +4a-2hz(1)  -44 
Z,  r 
aA22 
2f0  +  )+`')h1(1)  +4)21aä(1)  - 
4µ 
- 
4/tA" 
- 
ý1tA2, 
C)  1,17 
-  II.  ý2  -  E,.  ý-2. 
c7AlaA2 
=  21c(A2  +  A-2)111/(l)  +  4h2(1)  -p 
106 Substituting  equations  (6.4.6)  and  (6.4.7)  into  equations  (6.2.12),  it  follows  that 
JAoiiii  =  2µ(A2  +  )«4)hl(1)  +4h2(1)  -12-4  µA-z  -  2It, 
JAO1122  =  2µ(A2  +  )«2)h  //  11  (1)  +  414(1)  -µ-  µA2  -  EiA-2, 
JA02222  =  JAoiiii, 
JA01212  =  µA2,  (6.4.7) 
JA02121  =  µa-a1 
2Eý. 
JAol221  =  JA02112  = 
-11(  2+  a-2)  + 
For  the  reason  of  simplification  we  set  812  =  constant,  by  setting 
hi(1)  = 
S, 
li2(1)  =4h+  6µ) 
(6.4.8) 
with  equation  (6.4.4)  holding  identically.  The  material  parameters  in  equations 
(6.2.13)  are  then  given  by 
all  a22  =1/,  (A2  +  A-a)  +  8, 
a12  =  -µ(A2  +  A-2)  +S-42 
1 
ßi12  =  p. 
2,721 
=  1,  A-2,  S12 
=S=  is  +1p. 
It  follows  from  equation  (6.3.5)  with  the  help  of  equation  (6.4.6),  that 
AOrrrr  =  A0BB9B  =I  It-f2  +S+/l, 
2 
AOrrrO 
= 
AOr©rr 
= 
AO©rOO 
= 
A0000r 
=-2  1177 
AOrrOr 
= 
AOrOOO 
= 
AOBrrr  AOBBrO 
=2 
. 
AOrrOO 
=  A0©©rr  =-  %L'Y2  +8-  11, 
AOr©r©  -  It 
(6.4.9) 
(6.4.10) 
107 12  A0r0ür 
- 
A0r00r 
=  llry  +  /1, 
A09r0r 
=  Fly2  +  It, 
Let  T=  rb2/p.  Then  equation  (6.4.5)  provides 
ry  =  Tr-2.  (6.4.11) 
Substituting  equations  (6.4.10)  and  (6.4.11)  into  equations  (6.2.25) 
- 
(6.2.28)  and 
using  the  notation  of  b=  blµ,  we  obtain 
( 
Ter-4  +S+  1)A,  ß  -I  Tr-2C"_ 
{T2r5 
-  (b  +  1)r,  -i1  A+ 
1  Tr-3B' 
2222 
-1  Tr-3C'  +  8r-'D'_ 
[T2r_6 
+(S+2)1,  -2 
]A- 
Tr-`;  B  +  Tr-`4C 
22 
_fI  T2,.  -6  +  (s  +  2)r-21  D=  01 
( 
T21,  -4  +d+lI  B"- 
ITr-2D" 
- 
[T2r5 
-  (S  +  1)r-11  B-  nTr-3A'  222 
-1  Tr-3D'  - 
Si--'C'-  [fr2r_6 
+(S+2)1,  -2  B+  Tr-`'A  +  Tr-4  D 
+[1  Ter-6  +  (s  +  2)r-2,  C=0,  (6.4.12) 
-1  Tr-2  A"  +  C"  + 
2Tr-3A' 
+  Si--'B'+  r-1C'  +  Tr-3D'  -  Tr-`'A 
} 
[T2r_6 
+  (b  +  2)r-2J  B- 
[T2r_6 
+  (b  ß-1)r-2J  C-  Tr-"D  =  0, 
-1Tr-2B"+D"+ 
3Tr 
-3B'-Sr-'A'+r-1D'-Trr-3C'-Tr-"B 
22 
-  [T2r_6  +(ä+2)  r_2]  A+  Tr-4C  _ 
[T2r_6 
+  (S  +  1)r-2]  D=0. 
These  can  be  also  rearranged  as 
Tsr  _  (S+,  1)r 
A'  - 
2(S 
+  2)Tr-3 
B'  -- 
Ter-5  +  S7 
D' 
3 
'T2r-4+S+1  T2r-4  +S+1  Ter-4  +S+1 
Tal,  -s  +(S+2)  1,  -z  ýT37,  -s  +  -IST?  --"  }T3r-s  + 
2STr  +  'T27,  -4+S+1 
A 
IT2r-`1+b+1 
B+ 
; 
T2r-4+S+1 
c 
T2r-s  +  (S  +  2)7,  -2 
D,  +  ;  T2r-4l+  S+1 
108 z+  2)T  r-3  T  25  -  (b  +  1)r 
B- 
2Tar-s  +  Jr-' 
C,, 
B=2 
2r-4_ý_S+1A  -I  XT21,  -4+S.  +.  I  -  2r-}+  1 
'T  3r  -8  +1  STr-'  Tars  +  (S  +  2)r-2  Ter-6  +(S  +  2)r-2 
+T2r-4+ý+1 
T2T2r_s  +S+1 
B-  ýT2r_1-E  b+1C 
ýTs1,  -s  +  . 16Tr-' 
D  (6.4.13) 
+  4T2r  4+S+1 
-2(b  +  1)Tr-3  , 
(S  +  1)  (2T2r-s  +  Sr-1) 
B'  - 
ýT2r-`1  +  (cS  +  1)1,  -l 
cl 
cýý 
T2-4  +b+1A-  T2r_4  +b+1  Ter-4  ++1 
1  T3r_7  +  (s  s+  2)T?.  -  ý  Ts1.  -s  ý.  (Z  +  2)T7,  -4 
2 
Ter_4++1 
D  -}-  ` 
Ter-"4+b+1 
A 
T='r-10  ++  1)[T2r-6  +  (ý  +  2)r-2] 
B 
'T2r- 
-F 
S+ 
i  Tor-1°  +  (b  +  1)[T2r-s  +  (S  +  2)r-2J  iT3r-s  +  (2S  2)T7- 
D 
+'  ýT2r,  -4+x+1 
C+  IT2r-`'+5+1  ' 
(ý  +  1)  (!  T  21,  -5  +  Sr-1)  2(S  +  1)Tr-3  ,- 
Tar-`  +  (2  S+  2)T  r'C, 
Dý,  =  T2r_,  1+S.  +1 
A'  -  T27,  -.  i+S+1B 
+2  XT2r_4+S+1 
'T 
47,  -10  +  (S  +  1)[T2r-6  ++  2)r-2] 
-'Tar-4 
+  (s  +  07--,  T 
-I} 
Dý+  A 
2r4  !  T27-4  +  S+  j 
T31-8  +  (2  S+  2)T  r-  4  T3r-8  +  (2  S+2  T7--" 
+C 
T2r-4  +S+1B-  iT2r,  -.  1  .+S+1 
4 
Tar-io  +  (S  +  1)[T2r-6  (S  +  2)r-2] 
D.  + 
4'T 
2r-4  +S+1 
For  computational  purposes  equations  (6.4.13)  are  non-dimensionalized  using  the 
dimensionless  variables 
r 
r=-, 
a 
(A)  B,  c,  D)  =  (A/a,  B/a,  Cla,  D/a),  (6.4.14) 
and 
_T  T 
a2. 
(6.4.15) 
109 Then,  the  range  of  values  of  r  is  given  by  1<f<b,  where  b=  b/a.  Making  use  of 
equation  (6.2.22),  the  non-dimensionalized  boundary  conditions  may  be  described 
by 
A(1)  =  E,  B(1)  =  0,  C(1)  =  0,  D(1)  =  -E, 
Ä(b)  =  B(b)  =  C(b)  =  D(b)  =  0,  (6.4.16) 
where  E=  E/a.  Since  e  is  a  small  displacement,  we  may,  therefore,  assume  that 
E  <<  1. 
Let  the  prime  now  indicate  differentiation  with  respect  to  f.  «Ve  introduce  the 
notation 
(Jl,  Y2,  Y3,  Y4)  _  (A,  B,  C,  D) 
(Js)  Y6,  Y7,  Y8):  --  (Ji)  Y21  Js,  Y) 
and  equations  (6.4.14)  can  be  rewritten  as  a  first-order  system 
y'  =  Ay, 
where 
(6.4.17) 
YT  =  (YI,  Y2,  Y3,  Y4,  Y5)  Js,  J7,  Js),  (6.4.18) 
and  the  matrix  A  has  components  ate,  i,  jE  {1,2, 
..., 
8},  given  by 
ali  = 
Si5,  a2i  =  vi6,  a3i  = 
Si7,  a4i  = 
Si8i 
2 
(3S  +  2)r2 
a51  =  4r- 
-i  -2  ++  1)T4 
_ý  _ 
(2S+  1)T 
a52  =  -a53  =  -T7'  ýT2  +  (b  +  1)7  S 
a54  =4  7'-2 
(3S+2)  i;  2 
- 
T2+(a+l)'..  ' 
110 4(b+  1)r3 
a55  =  3r-1  -  ýP  +  (b  +  1)PI 
(156  1  t2  +  (S  +  1)F 
a57  =  0, 
(S  +  2)F3 
a58  -  -2r-  -  TZ  +  (j  +  1)r4' 
a61  =  -a52,  a62  =  a51,  a63  =  -a5:  1,  a8:  1  =  a53, 
a65  -  -a56,  a66  =  a55,  a6;  =  -a58i  a68  =  0, 
- 
(2s+  1)T  (6.4.19) 
a71  =  3T  r-  P2  +  (j  +  1)7,4  , 
(ö+1)(b+2)i2 
ai2=-T2r-6- 
41 
ß,  2+(S  +1)r4, 
P2  -6 
(b  +  1)(a  +  2)r2 
a73=-T  r-  ýT2+  (S+  1).  4 
4- 
(2b+  1)T 
a74=3Tr-  1P2+(S  +1)r4, 
2(S  +  1)Tr 
a75  _  T2+(j+I)r4, 
(S  +  1)(  +  2)r3 
a77  ý--  -ý; 
- 
1 
s 
(2S  +1)Tr 
a73=-2T7-  --  T2+(a+1)F4' 
as,  =  -a72,  a82  =  a71,  a83  =  -a7.1,  a84  =  a73, 
a85  =-  -a76,  a86  =  a75,  a87  =  -a78,  aSS  =  -r-1 
Equations  (6.4.17)  can  be  solved  numerically  for  rE  (1,  b)  with  chosen  values  of  the 
parameters  b,  S  and  T,  with  T  reflecting  the  dependence  on  the  underlying  finite 
strain.  The  boundary  conditions  are  given  by 
Ji(1)  =  E,  y2(1)  =  y3(1)  =  0,  y4(1)  _  -E, 
y,  (b)  =  y2(b)  _  y3(6)  =  y4(b)  =  0.  (G.  4.20) 
111 6.5  Numerical  solutions 
The  solutions  for  the  dimensionless  incremental  radial  and  axial  displacements  ür  = 
ur/a  and  tie  =  no/a  as  functions  of  r  and  0  were  obtained  numerically  using  the  D02 
GBF  in  NAG  FORTRAN  Library  Routine  Document.  The  programme  of  D02  GBF 
may  be  used  to  solve  a  general  linear  two-point  boundary  value  problem  for  a  system 
of  N  ordinary  differential  equations  by  using  a  deferred  correction  technique.  The 
components  of  the  incremental  nominal  stress  associated  with  the  solutions  were 
also  calculated  in  dimensionless  form. 
The  variation  of  the  radial  displacement  as  a  function  of  r  is  quite  different 
for  the  different  values  of  0.  Results  obtained  from  the  numerical  method  for  E= 
0.01,  b=5.0,  T=  10.0  and  b=2.0  are  shown  in  Figure  6.1.  The  figures  change  to 
approximate  straight  lines  when  T=2.0  in  Figure  6.2.  Note  that  in  Figure  6.3,  when 
the  dependence  of  if,.  on  T  for  a  fixed  value  off  is  shown  with  c=0.01,  b=5.0  and 
b=2.0,  ür  seems  to  be  sensitive  to  changes  in  T  for  small  T  but  otherwise  depends 
little  on  T.  This  effect  is  more  pronounced  near  f=1.6  as  Figure  6.4  illustrates. 
The  influence  of  b  on  the  response  in  the  radial  direction  is  insensitive  near  f=1.2 
but  quite  significant  for  small  S  and,  then,  become  insensitively  as  S  increase  near 
F=1.8  as  Figures  6.5  and  6.6  respectively  show  for  E=0.01,  T=  10.0  and  b=2.0. 
The  displacement  in  the  axial  direction  is  also  strongly  dependent  on  the  value 
of  0,  and  the  changes  in  tie  for  T=  10.0  is  more  pronounced  than  that  for  T=2.0. 
This  is  shown  graphically  in  Figures  6.7  and  6.8  with  E=0.01,  S=5.0,  and  6=2.0. 
The  displacement  of  if0  on  T  is  illustrated  in  Figures  6.9  and  6.10.  When  r-1.2 
with  b=2.0  üo  is  seen  to  be  depend  only  slightly  on  T  for  T<2  but  is  quite 
112 sensitive  to  changes  in  T  for  T>2,  while  T  affects  uo  strongly  near  f=I.  S.  On 
the  other  hand,  8  is  seen  to  affect  zi©  more  strongly  than  zir,  while  2i0  with  different 
0  increase  as  8  increases  for  r  ^ý  1.2,  and  tie  become  quite  significant  near  r=I.  S. 
These  are  indicated  in  Figures  6.11  and  6.12  with  E=0.01,  T=  10.0  and  2.0. 
The  numerical  results  show  the  expected  linear  effect  of  c  on  both  the  radial 
and  axial  displacements  at  an  arbitrary  point  i°  with  0  for  s=5.0,  T.  =  10.0  and 
b=2.0.  Figures  6.13  and  6.14  provide  the  evidence  of  this  for  r  ^_-  1.2.  A  similar 
effect  is  observed  on  the  components  of  the  incremental  nominal  stress  in  the  inner 
and  outer  surfaces  in  Figures  6.15  and  6.16  for  5.0,  T=  10.0  and  b=2.0. 
The  variation  of  the  components  of  the  incremental  nominal  stress  as  a  function 
of  f  for  T=  10.0  are  shown  graphically  for  the  different  values  of  0  with  e=0.01,8  = 
5.0,  and  b=2.0  in  Figure  6.17.  The  changes  of  these  are  quite  different  from  those 
for  T=2.0,  which  are  displayed  in  Figure  6.18.  Therefore,  T  affects  the  incremental 
nominal  stresses  strongly.  This  is  also  indicated  graphically  by  the  results  in  Figures 
6.19  and  6.20  for  E=0.01,8  =  5.0  and  b=2.0,  which  show  that  the  components  of 
the  incremental  nominal  stress  are  dependent  on  T  strongly  on  the  inner  surface  as 
well  as  on  the  outer  surface.  The  dependence  of  the  incremental  nominal  stresses  on 
J  on  the  inner  and  outer  surface  is  illustrated  in  Figures  G.  21  and  6.22,  respectively. 
We  also  consider  the  case  of  thicker  annulus  with  6=  10.0.  It  seems  that  the 
variation  of  the  displacements  and  incremental  nominal  stresses  as  functions  of  f 
with  different  0  are  generally  more  pronounced  than  for  b=2.0.  Note  that  for 
smaller  F  (<  1.3)  ii,  remains  approximately  the  same  as  on  the  inner  surface  for 
T=  10.0,  while  if,  changes  sharply  with  T=2.0  but  if,  is  close  to  zero  in  the  case 
of  0=  90°.  These  results  are  presented  respectively  in  Figures  6.23  and  6.24  with 
113 E=0.01  and  S=5.0.  Note  that  iie  is  also  strongly  dependent  on  the  values  of 
0  and  the  changes  in  Mio  for  T=  10.0  is  more  pronounced  than  that  for  T=2.0. 
This  is  shown  graphically  in  Figures  6.25  and  6.26  with  c=0.01  and  ö=5.0 
respectively.  Similarly,  the  dependence  of  the  incremental  nominal  stresses  on  f  is 
displayed  graphically  for  the  different  values  of  0  with  0.01,5.0  and  T=2.0 
in  Figure  6.27  for  T=2.0,  repectively.  The  changes  are  seen  to  be  rather  significant 
for  small  f  but  then  approach  zero  as  f  increases,  while  T=  10.0  they  are  seen  to 
be  more  pronounced  for  r<4  on  inner  surface  and  f<3  on  outer  surface,  and  then 
change  more  quickly  to  close  to  zero  in  Figures  6.28  -  6.29  respectively. 
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Figure  6.1:  Plot  of  the  dimensionless  radial  displacement  ic,  for  rE  (1,2)  with 
E=0.01,  S=5.0,  and  T=  10.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°; 
(e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.2:  Plot  of  the  dimensionless  radial  displacement  it,  for  rE  (1,2)  with 
c=0.01,  S=5.0,  and  T=2.0:  (a)  0=  0°;  (b)  0=  300;  (c)  0=  45°;  (d)  0=  60°; 
(e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.3:  Plot  of  the  dimensionless  radial  displacement  it,  against  the  dimen- 
sionless  underlying  deformation  parameter  T  at  r  ^__  1.2  for  rE  (1,2)  with 
E=0.01,  S=5.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  900;  (f) 
0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.4:  Plot  of  the  dimensionless  radial  displacement  it,  against  the  dimen- 
sionless  underlying  deformation  parameter  T  at  T-1.6  for  fE  (1,2)  with 
E=0.01,3  =  5.0:  (a)  0=  00;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f) 
0=  120°;  (g)  0=  135°;  (h)  0=  1500. 
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Figure  6.5:  Plot  of  the  dimensionless  radial  displacement  it,  against  the  dimension- 
less  material  parameter  8  at  r  ^_-  1.2  for  fE  (1,2)  with  c=0.01  and  T=  10.0  :  (a) 
0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°; 
(h)  0=  150°. 
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Figure  6.6:  Plot  of  the  dimensionless  radial  displacement  it,  against  the  dimension- 
less  material  parameter  S  at  f  ^_-  1.83  for  fE  (1,2)  with  E=0.01  and  T=  10.0  :  (a) 
0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°; 
(h)  0=  150°. 
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Figure  6.7:  Plot  of  the  dimensionless  axial  displacement  ito  for  fE  (1,2)  with 
e=0.01,  b=5.0,  and  T=  10.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°; 
(c)  0=  900;  (f)  0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
-8 
121 10  -3 
2 
0 
-2 
c6 
ý 
-4 
-6 
f 
-8 
/ 
-10'  1  1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8  1.9  2 
r 
Figure  6.8:  Plot  of  the  dimensionless  axial  displacement  ice  for  rE  (1,2)  with 
E=0.01,  S=5.0,  and  T=2.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°; 
(e)  0=  900;  (f)  0=  120°;  (g)  0=  1350;  (11)  0=  150°. 
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Figure  6.9:  Plot  of  the  dimensionless  axial  displacement  ice  against  the  dimensionless 
underlying  deformation  parameter  T  at  r  ^_-  1.2  for  fE  (1,2)  with  E=0.01,  S=5.0: 
(a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f)  0=  120°;  (g) 
0=  135°;  (h)  0=  150°. 
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Figure  6.10:  Plot  of  the  dimensionless  axial  displacement  ü0  against  the  dimen- 
sionless  underlying  deformation  parameter  T  at  r  ^ý  1.6  for  rE  (1,2)  with 
E=0.01,  b=5.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f) 
0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.11:  Plot  of  the  dimensionless  axial  displacement  i  to  against  the  dimension- 
less  material  parameter  8  at  r  -- 
1.2  for  rE  (1,2)  with  c=0.01  and  T=  10.0  :  (a) 
0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°; 
(h)  0=  150°. 
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Figure  6.12:  Plot  of  the  dimensionless  axial  displacement  ü©  against  the  dimension- 
less  material  parameter  S  at  f  ý--  1.83  for  fE  (1,2)  with  E=0.01  and  T=  10.0  :  (a) 
0=  00;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°,  (e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°; 
(h)  0=  1500. 
126 0.2 
1 
0.15 
0.1 
0.05 
-0.05 
-0.15  0  0.05  0.1  0.15  0.2  0.25 
epsilon 
Figure  6.13:  Plot  of  the  dimensionless  radial  displacement  tr  against  the  dimension- 
less  displacement  parameter  E  at  f  ^_-  1.3  for  rE  (1,2)  with  b=5.0  and  T=  10.0 
(a)  0=  0°,  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°,  (e)  0=  90°;  (f)  0=  120°;  (g) 
0=  135°;  (h)  0=  150°. 
-0.1 
127 0.08- 
0.06- 
0.04- 
0.02- 
0 
C) 
-0.02 
-0.04- 
-0.06- 
-0.08- 
-0.1 
-0.12  0  0.05  0.1  0.15  0.2  0.25 
epsilon 
Figure  6.14:  Plot  of  the  dimensionless  axial  displacement  ito  against  the  dimension- 
less  displacement  parameter  E  at  r  ^_-  1.3  for  rE  (1,2)  with  S=5.0  and  T=  10.0 
(a)  ©=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°,  (e)  0=  90°;  (f)  0=  120°;  (g) 
0=  135°;  (h)  0=  1500. 
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Figure  6.15:  Plot  of  the  dimensionless  components  (A)  (B)  Sro/µ,  (C)  Ser/f1 
and  (D)  SBo/µ  of  the  incremental  nominal  stress  on  the  inner  surface  against  the 
dimensionless  displacement  parameter  e  for  =  5.0  and  =  10.0  :  (a)  0=  0°;  (b) 
0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°;  (h) 
0=  150°. 
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Figure  6.16:  Plot  of  the  dimensionless  components  (A)  Srr/Ii,  (B)  S',  ©/µ,  (C)  Sor/µ 
and  (D)  SBB/µ  of  the  incremental  nominal  stress  on  the  outer  surface  against  the 
dimensionless  displacement  parameter  c  for  S=5.0  and  =  10.0  :  (a)  0=  0°;  (b) 
0=  30°;  (c)  0=  45°;  (d)  0=  600;  (e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°;  (h) 
0=150°. 
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Figure  6.17:  Plot  of  the  dimensionless  components  (A)  Srr/ft,  (B)  S,.  B/p,  (C)  Ser/p 
and  (D)  Seely  of  the  incremental  nominal  stress  for  fE  (1,2)  with  E=0.01,  S=5.0, 
and  T=  10.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f) 
0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.18:  Plot  of  the  dimensionless  components  (A)  (B)  S,.  e/Ft,  (C)  Se,  /µ 
and  (D)  SBB/µ  of  the  incremental  nominal  stress  for  rE  (1,2)  with  E=0.01,  b=5.0, 
and  T=2.0:  (a)  0=  00;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f) 
0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.19:  Plot  of  the  dimensionless  components  (A)  SFr/µ0  (B)  S,.  B/pct,  (C)  Se,  /Fi 
and  (D)  SBB/µ  of  the  incremental  nominal  stress  on  the  inner  surface  against  the 
dimensionless  underlying  deformation  parameter  T  for  rE  (1,2)  with  c=0.01,  S= 
5.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (c)  0=  900;  (f)  0=  120°;  (g) 
0=  135°;  (h)  0=  150°. 
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Figure  6.20:  Plot  of  the  dimensionless  components  (A)  Srr//L,  (B)  S're/  t,  (C)  Ser/y 
and  (D)  Sool  y  of  the  incremental  nominal  stress  on  the  outer  surface  against  the 
dimensionless  underlying  deformation  parameter  T  for  rE  (1,2)  with  E=0.01,8  = 
5.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°;  (e)  0=  90°;  (f)  0=  120°;  (g) 
0=  135°;  (h)  0=  150°. 
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Figure  6.21:  Plot  of  the  dimensionless  components  (A)  Srr/lý,  (B)  Sre/P,  (C)  Ser//t 
and  (D)  SBB/,  a  of  the  incremental  nominal  stress  on  the  inner  surface  against  the 
dimensionless  material  parameter  b  for  rE  (1,2)  with  E=0.01  and  T=  10.0  :  (a) 
0=  0°,  (b)  0=  30°,  (c)  0=  45°;  (d)  0=  60°,  (e)  0=  90°,  (f)  0=  120°,  (g)  0=  135°, 
(h)  0=  150°. 
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Figure  6.22:  Plot  of  the  dimensionless  components  (A)  (B)  Sre/µ,  (C)  Ser/µ 
and  (D)  SBB/,  a  of  the  incremental  nominal  stress  on  the  outer  surface  against  the 
dimensionless  material  parameter  8  for  fE  (1,2)  with  E=0.01  and  T=  10.0  :  (a) 
0=  0°;  (b)  0=  30°,  (c)  0=  45°,  (d)  0=  60°,  (e)  0=  90°,  (f)  0=  120°,  (g)  0=  135°, 
(h)  0=  150°. 
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Figure  6.23:  Plot  of  the  dimensionless  radial  displacement  ii,  for  rE  (1,10)  with 
E=0.01,  S=5.0,  and  T=  10.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°; 
(e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.24:  Plot  of  the  dimensionless  radial  displacement  ü,.  for  rE  (1,10)  with 
c=0.01,  S=5.0,  and  P=2.0:  (a)  0=  00;  (b)  0=  300;  (c)  0=  45°;  (d)  0=  60°; 
(e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.25:  Plot  of  the  dimensionless  axial  displacement  iie  for  rE  (1,10)  with 
E=0.01,  s=5.0,  and  T=  10.0:  (a)  0=  0°;  (b)  0=  30°;  (c)  0=  45°;  (d)  0=  60°; 
(e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.26:  Plot  of  the  dimensionless  axial  displacement  ire  for  i"  E  (1,10)  with 
e=0.01,  b=5.0,  and  T=2.0:  (a)  0=  0°;  (b)  0=  300;  (c)  0=  45°;  (d)  0=  60°; 
(e)  0=  90°;  (f)  0=  120°;  (g)  0=  135°;  (h)  0=  150°. 
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Figure  6.27:  Plot  of  the  dimensionless  components  (A)  Srr/[t,  (B)  Sre/µ,  (C)  Ser/µ 
and  (D)  SBB//c  of  the  incremental  nominal  stress  for  rE  (1,10)  with  E=0.01,  S= 
5.0,  andT=2.0. 
141 N 
r 
EE 
m 
e 
Co 
23456789  10 
r  /1 
EE 
"i 
EE 
C 
C 
N 
r 
r 
D 
0(D) 
Figure  6.28:  Plot  of  the  dimensionless  components  (A)  (B)  S,.  B/1t,  (C)  Ser/µ 
and  (D)  Soo/y  of  the  incremental  nominal  stress  for  rE  (1,10)  with  E=0.01,8  = 
5.0,  andT=10.0. 
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